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Abstract. We show that the class of graphs with quadratic stability number is not hered-
itary. Then we prove that this class contains a unique maximal hereditary subclass, and
finally, we characterize this subclass by two forbidden induced subgraphs.
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1. Introduction

In this report the graphs are undirected simple graphs G, for which V(G)
denotes the set of vertices and E(G) the set of edges. An element of E(G),
whose ends are vertices ¢ and j, is denoted (7,j). It is also assumed that
G is of order n (i.e., |V(G)| = n). Throughout the paper, K,,, P,, and C,
will denote the complete graph, the chordless path and the chordless cycle
with n vertices, respectively, K, ,, the complete bipartite graph with two null
subgraphs (subgraphs with no edges) of order n and m, Ag the adjacency
matrix of G, that is, Ag = (@ij)nxn is such that

1 (4, 4) € E(G),
% =910 otherwise,

P4, (X) the characteristic polynomial of Ag, 0(Ag) the spectrum of A, Amin(Ac)
the minimum eigenvalue of Ag and Apax(Ag) the maximum eigenvalue of Ag.
Given a vertex ¢ € V(G), Ng(i) will denote the neighborhood of the vertex i,
that is, Ng(i) = {j € V(G) : (i,j) € E(G)}. Given a set of nodes U included in
V(G), G—U will denote the graph induced by the set of nodes V(G)\U, that is,
V(G=U) =V(G)\U and E(G—-U) = {(i,j) : i,j € V(G=U), (i,j) € E(G)}.
For instance, if U = {i}, then the graph G — {i} is such that V(G — {i}) =
V(G)\{i} and E(G—{i}) = E(G)\{(i,7) : 7 € Ng(i)}. The convex quadratic

programming problem
max{2e’z — 2'(Bg + I,)r : © > 0},
where e! is the all-ones row vector of R",

1 .
Be = { Tt e i Auin(4g) #0
0, otherwise
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and I, is the unit matrix of order n, is denoted by (Pg) and its optimal value
by v(G). For a simple graph G, a subset of vertices S C V(@) is stable if no
two vertices in S are linked by an edge. The maximum cardinality of a stable
set in G is called the stability number of G and is denoted a(G). As it is proved
in (Luz and Cardoso, 1998), v(G) is the best upper bound for a(G) among the
optimal values of the family of quadratic programming problems

¢pp = max{@gp(z) = ae'z — ba'(Bg + Ip)x : © > 0},

with a and b such that b > 0 and a—b > 1. A graph G such that a(G) = v(G),
as was introduced in (Cardoso and Luz, 1999), is called a graph with convex
quadratic stability number and this class of graphs will be denoted by O.
According to (Luz, 1995), G € Q (i.e., a(G) = v(G)) if and only if for any
maximum stable set S of G,

Mmin(Ag) < min{|Ng(i) N S| i ¢ S}.

Figure 1. This graph is called Paw.

2. Introductory results

Based on the prove of the above necessary and sufficient condition for a graph
to be in Q, presented in (Luz, 1995), we can introduce the following result.

PROPOSITION 2.1. If there is a maximal stable set S of G such that
—Amin(Ag) < min{|Ng(i) N S| :i & S},
then this inequality is fulfilled for every mazrimum stable set of G.

Proof. Let us suppose that S is a maximum stable set for which the inequality
_Amin(AG) < mln{‘NG(Z) N S| ) g S}

is fulfilled. Then a(G) = v(G) and, consequently, the characteristic vector of any
maximum stable set T of G, (T, is an optimal solution for (Pg). Therefore, by the
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Karush-Kuhn-Tacker conditions, there is y > 0 such that 2(Bg + I,)z(T) = 2e + y.
Thus, denoting by (Bg + I,,)* the i-th row of (Bg + I,,), for : € T,

i Ng(i)NT
2(Bg + 1) 'w(T) = 25000k — 2 4y,

25e@FTL > 2 & NG () N T| > ~Amin(Ac).

Defining
p(G) = max{min{|Ng(v) N S| : v ¢ S} : S is a maximum stable set of G},
we are in conditions to conclude the following corollary of proposition 2.1.
COROLLARY 2.1. A graph G belongs to Q if and only if —Amin(Ac) < p(G).

Proof. Suppose that G € Q, then, according to (Luz, 1995), for any maximum stable
set T of G, —Amin(Ag) < min{|Ng(i) NT| : i ¢ T}. Therefore,

—Amin(4g) < p(G).

Conversely, if —Amin(Ag) < p(G), then there is a maximum stable set T" of G such that
—Amin(Ag) < min{|Ng(¢) N T : i ¢ T}. Thus, by proposition 2.1, for any maximum
stable set S of G, —Amin(Ag) < min{|Ng(i) N S| :i ¢ S} and hence G € Q. &

PROPOSITION 2.2. Let G1,Ga,...,G, be the connected components of a
graph G. Then

7=1
Proof. Let us denote n; = |[V(G;)| and Bg, = mAG]. (j=1,2,...,p). Then
Bg, + I, 0 e 0
Be+1, = 0 BG2+In2 0
0 0 . BGp + Inp

Denoting by e; the all ones vector of IR" and by x; the nj-uple of variables, we have
v(G) = max{?Ze?xj - Zx?(BGj +Ip,)zj . x; >0}
that is equivalent to

P P
v(G) = ZmaX{Qeéazj — ac;(BGj + I,)wy s x; > 0}F = Zv(Gj).

j=1 j=1
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The following statement about the characteristic polynomials of the adja-
cency matrices of the graphs K, and K, are well known, see (Cvetkovich et
al, 1979).

Pa, M) = (1" A+ 1)" A = (n = 1)). (1)
Pay, ,(\) = (=1)" T (A = n)A" L, (2)

As a direct consequence of these statements, we can conclude that (A, ) =
{-1,n—1} and 0(Ak, ) = {—v/7n,0,v/n}, and therefore Anin(Axk, ) = —1 and

Amin(Ak,,) = —Vn.

It is also well known, see (Cvetkovich et al, 1979), that Apin(Ag) = —1
if and only if G is a graph with at least one edge for which every connected
component is a complete graph. Furthermore, if G has at least one edge, then

_)\max(AG) § )\min(AG) § —1.

PROPOSITION 2.3. Ifwv is a vertex of degree 1 with a neighbor u in a graph
G, then

P (N) = _)‘PAcf{v} (A) — PAG*{u,'U} (A)-

Proof. Let G be a graph with V(G) = {1,2,...,n} and let us suppose that v is the
vertex 1 and w is the vertex 2. Then the adjacency matrix of G is

0 1 0 0
1 0 # .. #
Aq =
EAR R Ag_{u v} ’
0 #
where # denotes 0 or 1. Therefore,
Pa, (/\) = det(AG — )\In)
1 # e #
=-A det(AG_{v} — )\Infl) — det( N Ag_{uﬂ,} - )\In,Q )
0

—A det(AG,{v} — A1) — det(AG,{u’v} —A,_2)
_)‘PAcf{v} (>‘) - PAG*{U,U} (>‘)

¢

The next proposition characterizes the class of complete g-partite graphs in
terms of forbidden induced subgraphs.

PROPOSITION 2.4. A graph G is complete gq-partite if and only if G is a
K1 2-free graph.
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Proof. Let G be a complete g-partite graph. Then any three vertices induce in G
either K3 (if all of them are in the same part) or K o (if two of them are in one part)
or K (if all the vertices are in different parts). Thus G does not contain K o as an

induced subgraph. Conversely, suppose that G is a K o-free graph. Let us partition
the vertex set of GG into classes of vertices with the same neighborhood. Since any two
adjacent vertices have different neighborhoods, every class of the partition induces in
G an empty graph. Now let z and y be two vertices from different classes, and suppose
that z is not adjacent to y. Since z and y have different neighborhoods, there must
exist a vertex z adjacent to one of them but non adjacent to another one. But then
x,Y, z induce in G a K 5. This contradiction proves that the classes of the partition
are the parts of a complete g-partite graph. &

PROPOSITION 2.5. A graph G is (Py,Paw)-free if and only if every connected
component of G is a complete q-partite graph.

Proof. Let G be a (Py,Paw)-free graph and let H be a connected component of
G. Suppose that vertices a,b,c induce in H a Kj 2. Let P(a,b) be a shortest (hence
chordless) path linking a to b in H. Since Py is forbidden, this path is exactly of length
2. Let d be the unique internal vertex of the path. If d is adjacent to ¢, then a,b, c,d
induce a Paw, that is a contradiction. If d is not adjacent to ¢, then a,b, ¢, d induce a
P, and we get a contradiction again. Therefore H does not contain K 2 as an induced
subgraph and, accordingly to proposition 2.4, H is a complete g-partite graph. The
converse is obvious. &

3. The maximal hereditary subclass of Q

A class of graphs is called hereditary if it is closed under vertex deletion. Thus,
if G belongs to some hereditary class then G — {v} also belongs to the same
class for any vertex v € V(G). In order to prove that Q (the class of graphs
with convex quadratic stability number) is not a hereditary class, let us prove
the following results.

PROPOSITION 3.1. The chordless path on four vertices Py does not belong
to Q.

Proof. According to proposition 2.4, we have
Pap, (A) = =APap, (A) — Pag, ().
Since P3 = K1 2 and P, = K5, we derive, using (1) and (2), that
Pap, (A) = A2(A%2—2) - (A2 —1)

:(/\2_1)2_/\2
= (A2 =T = NN =14 N).
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Thus, 0(Ap,) = {1+2‘/5, _1;\/5, 1_2\/5, _15‘/5} and, consequently,

—1—-+/5
)\min(AP4) == Tf < —1
On the other hand, it is not hard to see that p(P;) = 1 and hence —Apin(Ap,) > p(Py).
Therefore, by corollary 2.1, Py &€ Q. &

PROPOSITION 3.2. The graph Paw does not belong to Q.

Proof. According to proposition 2.4 and statement (1), we have

Pap, ()‘) = _APAK3 (>‘) - PAK2 (/\)

=-A-12N+12N=2) = (-1D)2A+ 1A= 1)
= A+ = A2 =3x+1).

Thus, 0(Apaw) = {2.170,0.311, —1, —1.481}. By direct observation we conclude that
p(Paw) = 1, and, consequently, —Ain(Apaw) > p(Paw). Therefore, Paw & Q. &

PROPOSITION 3.3. The class of graphs with quadratic stability number is
not a hereditary class.

Proof. Considering the chordless path on five vertices Ps, we have

PAP5 ()‘) = 7)\PAP4 ()‘) - PAP3 (A)
=AM =3\ + 1)+ A(\? —2)
=-AA?-1)(\2-3).

Thus, o(Ap,) = {V/3,1,0,—1,—v/3} and —A\nin(Ap,) = V3 < p(Ps) = 2. Therefore,
according to corollary 2.1, Ps € Q. Consequently since, by proposition 3.1, P, € Q,
we can conclude that Q is not a hereditary class. &

From now on, graphs G and H such that V(G) NV (H) = () will be called
disjoint graphs, and for these graphs, G+ H will denote the graph with vertex
set V(G)UV(H) and edge set E(G) U E(H).

PROPOSITION 3.4. If disjoint graphs G and H belong to Q, then G+ H € Q.

Proof. First note that Pgipg(A\) = Pa(A)Pr(N), p(G+ H) = max{p(G), p(H)}
and —Apin(Ag+m) = max{—Anin(Ag), —Amin(Ag)}. On the other hand, since G € Q
and H € Q, by corollary 2.1, —Anin(4g) < p(G) and —Apin(Ag) < p(H). Then
max{—Amin(4¢), —Amin(Ax), } < max{p(G),p(H)}. Hence —Anmin(Ac+m) < p(G +
H) and thus G+ H € Q. &

PROPOSITION 3.5. A graph G € Q if and only if every connected component
of G belongs to Q.
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Proof. Let G1,G>,...,G), be the connected components of G. If these connected
components belong to Q, then according to proposition 3.4, G = G1 + Ga + ...+ G,
belongs to Q. Conversely, let us suppose that G = G1 + G2 + ... + G, belongs to Q.
Then, according to proposition 2.2,

v(G1) +v(Ga) + ... +v(Gp) = a(G1) + a(G2) + ... + a(Gp).
On the other hand, v(G;) > a(Gy) for j = 1,2,...,p. So v(G;) — a(G;) > 0 for
P
j=12,...,pand ) [v(G;) — a(G;)] = 0, and consequently, v(G;) — a(G;) = 0 for
j=1

J=12,...,p. ¢

PROPOSITION 3.6. The unique mazximal hereditary subclass of Q is the class
of (Py, Paw)-free graphs.

Proof. It is proved in (Luz, 1996) that any complete g-partite graph belongs to Q.
Hence, by propositions 2.5 and 3.5 2.6 and 3.5, Q contains the class of (Py, Paw)-free
graphs. On the other hand, any hereditary subclass of Q is contained in in the class
of (Py, Paw)-free graphs, since P; and Paw do not belong to Q. &
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