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ABSTRACT. Notions and techniques of enriched category theory can be used to study
topological structures, like metric spaces, topological spaces and approach spaces, in
the context of topological theories. Recently in [D. Hofmann, Injective spaces via ad-
junction, arXiv:math.CT/0804.0326] the construction of a Yoneda embedding allowed to
identify injectivity of spaces as cocompleteness and to show monadicity of the category
of injective spaces and left adjoints over Set. In this paper we generalise these results,
studying cocompleteness with respect to a given class of distributors. We show in par-
ticular that the description of several semantic domains presented in [M. Escardé and B.
Flagg, Semantic domains, injective spaces and monads, Electronic Notes in Theoretical
Computer Science 20 (1999)] can be translated into the V-enriched setting.

Introduction

This work continues the research line of previous papers, aiming to use categorical tools in
the study of topological structures. Indeed, the perspective proposed in [3, 7] of looking
at topological structures as (Eilenberg-Moore) lax algebras and, simultaneously, as a
monad enrichment of V-enriched categories, has shown to be very effective in the study of
special morphisms — like effective descent and exponentiable ones — at a first step [4, 5],
and recently in the study of (Lawvere/Cauchy-)completeness and injectivity [6, 12, 11].
The results we present here complement this study of injectivity. More precisely, in
the spirit of Kelly-Schmitt [13] we generalise the results of [11], showing that injectivity
and cocompleteness — when considered relative to a class of distributors — still coincide.
Suitable choices of this class of distributors allow us to recover, in the V-enriched setting,
results on injectivity of Escardé-Flagg [8].

The starting point of our study of injectivity is the notion of distributor (or bimodule,
or profunctor), which allowed the study of weighted colimit, presheaf category, and the
Yoneda embedding. It was then a natural step to ‘relativize’ these ingredients and to con-

sider cocompleteness with respect to a class of distributors ®. Namely, we introduce the
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notion of ®-cocomplete category, we construct the ®-presheaf category, and we prove that
®-cocompleteness is equivalent to the existence of a left adjoint of the Yoneda embedding
into the ®-presheaf category. Furthermore, the class ® determines a class of embeddings
so that the injective T-categories with respect to this class are precisely the ®-cocomplete
categories. This result links our work with [8], where the authors study systematically
semantic domains and injectivity characterisations with the help of Kock-Zdberlein mon-

ads.

1. The Setting

The topological structures we study throughout are those which are describable as lax
(Eilenberg-Moore) algebras, or as (T, V)-enriched categories, for a suitable (thin) category
V and a suitable monad T in Set, with a lax extension to V-Rel. Recall from [1] that
topological spaces viewed as convergence structures provide the prime example of such
a situation, where T = U is the ultrafilter monad and V = 2 the two-element Boolean
algebra. Our study could be based on the setting described by Clementino-Tholen in
[7], but we chose to use the slightly different approach of Hofmann [10] — the so-called
topological theories —, which encodes the lax extension of T in a T-algebra structure on
V.

Throughout this paper we consider a (strict) topological theory as introduced in [10].
Such a theory T = (T, V, &) consists of:

(1). a cocomplete monoidal closed ordered set V, with tensor ® and unit k, and we
denote by hom the right adjoint to ® (that is, the internal hom),

(2). a Set-monad T = (T, e,m), where T" and m satisfy (BC); that is, T sends pullbacks

to weak pullbacks and each naturality square of m is a weak pullback, and

(3). a T-algebra structure £ : TV — V on V such that:

(a) ® :VxV —Vand k:1— V, x — k, are T-algebra homomorphisms

making (V,¢) a monoid in Set™; that is, the following diagrams

T1 l TV T(V X V) ) TV
!J/ lf (§-TW1,£~TW2>J/ lﬁ
l——V V xV 5 Vv

are commutative;

(b) For each set X, &x : V¥ — VIX (X 5 V) — (TX T v 5 V),

defines a natural transformation ({x)x : P — PT : Set — Ord.
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Here P : Set — Ord is the V-powerset functor defined as follows. We put PX = V¥
with the pointwise order. Each map f : X — Y defines a monotone map V/ : V¥ —
VX, o+ - f. Since V/ preserves all infima and all suprema, it has a left adjoint Pf.
Explicitly, for ¢ € VX we have Pf()(y) = V{p(z) | v € X, f(x) = y}.

1.1.  ExamPLES. Throughout this paper we will keep in mind the following topological

theories:

(1). The identity theory J = (1, V, 1y), for each quantale V, where 1 = (Id, 1, 1) denotes
the identity monad.

(2). Uy = (U,2,&), where U = (U, e, m) denotes the ultrafilter monad and &, is essen-
tially the identity map.

(3). Up, = (U, P+,§p+) where P, = ([0, 00]°?, 4, 0) and
¢ :UP, — P, rr—inf{v €P,_|[0,0] €}

(4). The word theory (L, V,§,), for each quantale V, where . = (L, e, m) is the word

monad and

g IV — V.
(V1,0 Up) — U1 Q... R U,

() — k
As we mentioned at the beginning of this section, every theory T = (T, V, &) encom-
passes several interesting ingredients.

I. The category V-Rel, with sets as objects and V-relations (also called V-matrices, see [2])
r: X XY — V as morphisms, is a locally complete locally ordered bicategory. We use
the usual notation for relations, denoting the V-relation r: X xY — V by r: X—+ Y.
Since every map f : X — Y can be thought of as a V-relation f : X x Y — V through

its graph, there is an injective on objects and faithful functor
Set — V-Rel,
unless V is degenerate (that is, k is the bottom element). Moreover, V-Rel has an involution
(—)° : V-Rel — V-Rel,

assigning to r : X——Y the V-relation r° : Y—— X with r°(y,x) := r(x,y). For each

V-relation r : X—— Y, the maps

(=) -r:V-Rel(Y,Z) — V-Rel(X, Z) and r - (=) : V-Rel(Z, X) — V-Rel(Z,Y’)
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preserve suprema; hence they have right adjoints, the so-called extensions and liftings,

respectively,

(—) & r: V-Rel(X, Z) — V-Rel(Y, Z) and r — (=) : V-Rel(Z,Y) —> V-Rel(Z, X) :

X —+=Z X —+=Z
% / \\ %
te—r r—et
Y Y

IT. The Set-functor T' extends to a 2-functor I} : V-Rel — V-Rel . To each V-relation
r: X XY — V, T assigns a V-relation T;r : TX X TY — V, such that, for every
(order-preserving) map s : TX x TY — V,

E-Tr<s-(Tm,Tm) < Lr<s:

TX xTY
Tr
(T7r1 ,T7r2> 5
< .
N

In other words, regarding T'X, TY and TX x T'Y as discrete ordered sets, 1,7 is the left
Kan extension in Ord of € - T'r along (T'my, T'my). Hence, for g € TX and y € TY,

Tr(ey) = \/ {¢ Tr(w) ‘ € T(X x ¥), Ty () =5, Tma(r) =}

This 2-functor 7] preserves the involution in the sense that 7;(r°) = T;(r)° (and we write

1,r°) for each V-relation 7 : X —— Y, m becomes a natural transformation m : 7,7, — 1,

and e an op-lax natural transformation e : Id — 1/, that is, ey - r < Tir - ex for all
r: X—+Y in V-Rel.

III. A V-relation of the form o : TX——Y, called a T-relation and denoted by « :
X —+ Y, will play an important role here. Given two TJ-relations a : X — Y and
G Y —— Z, their Kleisli convolution o« : X — Z is defined as

Boa=p Ta m.
This operation is associative and has the J-relation e$ : X — X as a lax identity:
aoey =aandeyoa>a,

forany a: X —+— Y.
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IV. T-relations satisfying the usual unit and associativity categorical rules define T-
categories: a T-category is a pair (X, a) consisting of a set X and a T-relation a : X — X
on X such that

ex <a and aoa<a.

Expressed elementwise, these conditions become
k< a(ex(x), o) and Ta(X,1) @ als, 2) < a(mx (%), 2)
forall X €e TTX, r € TX and x € X. A function f : X — Y between T-categories

(X,a) and (Y,b) is a T-functor if f-a <b-Tf, which in pointwise notation reads as

a(r,z) < b(Tf(x), f(x))

forall r € TX, x € X. The category of T-categories and T-functors is denoted by
T-Cat.

V. In particular, the internal hom in V, combined with the T-algebra structure £, induces

a J-category structure in V,
hom, : TV xV — V, (v,v) — hom({(v), v).

VI. The forgetful functor O : T-Cat — Set, (X, a) — X, is topological, hence it has a
left and a right adjoint. In particular, the free T-category on X is given by (X, e%).

VII. A V-relation ¢ : X — Y between T-categories X = (X,a) and Y = (Y,b) is a
T-distributor, denoted as ¢ : X —~ Y, if poa < p and bo ¢ < . Note that we always
have poa > p and bo ¢ > ¢, so that the T-distributor conditions above are in fact

equalities. T-categories and T-distributors form a 2-category, denoted by
T-Mod,

with Kleisli convolution as composition and with the 2-categorical structure inherited
from V-Rel.

VIIIL. Fach T-functor f : (X,a) — (Y,b) induces an adjunction

foAr
in T-Mod, with f, : X —— Y and f* : Y —— X defined as f, = b-Tf and f* = f°-b
respectively. In fact, these assignments are functorial and therefore define two functors:
(=)« : T-Cat”® — T-Mod and (—)*:7J-Cat®® — TJ-Mod,

X — X, =X X — X=X

o fo=b-Tf [ =g
A T-functor f : X — Y is called fully faithful if f* o f, = 1%, while it is called dense
it f. o f* = 1§. Note that f is fully faithful if and only if, for all r € T'X and z € X,
a(x,z) = b(Tf(x), f(x)).
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IX. For a J-distributor v : X —e~Y', the composition function — o o has a right adjoint
()ead(=)o—a

where, for a given J-distributor v : X —e~ 7, the extension v o— a : Y —e~ 7 is constructed

in V-Rel as the extension 7y o— a =y &~ (T,ar- m%).

TX —+Z.
wf
TTX ~

TY

The following rules are easily checked.

1.2, LEMMA.

(1). If o is a right adjoint, then a o (p o— ) = (a0 @) o— 1.
(2). Ifv 6, then (a o— B) oy =a o— (50 ).

(3). If v 5, then (a07) o— B=a o (B00).

X. It is also important the interplay of several functors relating these structures: Eilenberg-
Moore algebras, T-categories and V-categories. The inclusion functor Set™ < T-Cat, given
by regarding the structure map « : TX — X of an Eilenberg-Moore algebra (X, «) as a
T-relation o : X —— X, has a left adjoint, constructed & la Cech-Stone compactification
in [3].

T T
Set™c L _J-Cat

We denote by | X| the free Eilenberg-Moore algebra (T X, my) considered as a T-category.

Making use of the identity e : Id — T" of the monad, to each T-category X = (X, a)
we assign a V-category structure on X, a-eyxy : X—— X. This correspondence defines
a functor S : T-Cat — V-Cat, which has also a left adjoint A : V-Cat — T-Cat, with
A(X,a) = (X, ek -T1).

K/_'_A.\
T-Cat L V-Cat.
S

Furthermore, making now use of the multiplication m : T? — T of the monad, one

can define a functor
T-Cat

V-Cat

which sends a T-category (X, a) to the V-category (T'X,T}a - mf).
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We can now define the process of dualizing a T-category as the composition of the

following functors

that is, the dual of a T-category (X, a) is defined as
X% =AM(X)™),

which is a structure on TX. If T is the identity monad, then X°P is indeed the dual
V-category of X.

XI. The tensor product on V can be transported to T-Cat by putting
(Xaa) ® (Y>b> = (X X Y,C),
with
c(w, (2,9)) = a(Tm(w), ) © b(T'ms (), y),
where w € T(X xY), z € X,y € Y. The T-category F = (1,k) is a ®-neutral
object, where 1 is a singleton set and k : T'1 x 1 — V the constant relation with value

k € V. For each set X, the functor |X|® (—) : T-Cat — T-Cat has a right adjoint
(—)X1: 7-Cat — T-Cat. Explicitly, the structure [—, —] on VX! is given by the formula

[p.0]= AN\ hom(¢-Tev(q), ¢(mx - Tm(q))),

qeT (| X |xVIX

a—p
for each p € TVIXl and ) € VX1,

1.3. THEOREM. [6] For T-categories (X,a) and (Y,b), and a T-relation ¢ : X —Y,

the following assertions are equivalent.
(i). ¥ : (X,a) — (Y,b) is a T-distributor.
(ii). Both ¢ :|X|®Y — V and ¢ : XP Y — V are T-functors.
XII. Hence, each T-distributor ¢ : X —~Y provides a T-functor
0 Y — VX
which factors through the embedding PX — VX! where
PX ={ e VI | ¢ X —~(L,€])}
is the T-category of contravariant presheafs on X:

Y — 2 yIX|

N
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In particular, for each T-category X = (X, a), the V-relation a : TX x X — V is a
J-distributor a : X —e~ X, and therefore we have the Yoneda functor

yy=a : X — PX.

1.4. THEOREM. [11] Let ¢ : X —~Z and ¢ : X —~Y be T-distributors. Then, for all
3€TZ andy ey,

[T °(G), o (W] = (¥ o= ¥)(5.)-
1.5. COROLLARY. [11] For each ¢ € X and eachr € TX, ¢(x) = [T ¥y (x), @], that is,

(y)s : X —ox X s given by the evaluation map ev : T'X X X —V. Asa consequence,
Yyt X — X is fully faithful.

XIII. Transporting the order-structure on hom-sets from T-Mod to T-Cat via the functor
(—=)* : T-Cat®® — T-Mod, T-Cat becomes a 2-category. That is, for T-functors f, g :
X — Y we define

f<ginT-Cat & f*<g"in T-Mod < g, < f, in T-Mod.

We call f,g: X — Y equivalent, and write f = g, if f < g and g < f. Hence, f = g if
and only if f* = ¢* if and only if f, = g.. A T-category X is called separated (see [12] for
details) whenever f = g implies f = g, for all T-functors f,g : Y — X with codomain
X. One easily verifies that the T-category V = (V,homg) is separated, and so is each
T-category of the form PX for a T-category X. The full subcategory of T-Cat consisting
of all separated T-categories is denoted by

T-Catgep.

The 2-categorical structure on J-Cat allows us to consider adjoint T-functors: T-functor
f X — Y is left adjoint if there exists a T-functor g : ¥ — X such that 1xy < g- f
and 1y > f-g. Considering the corresponding T-distributors, f is left adjoint to g if and
only if g, 1 f., that is, if and only if f, = ¢*:

fdginT-Cat & g, f"in T-Mod & f, =g"

A more complete study of this subject can be found in [10, 11].

2. The results

In the sequel we consider a class ® of J-distributors subject to the following axioms.

(Ax 1). For each T-functor f, f* € ®.
(Ax 2). For all ¢ € ® and all T-functors f : A — X we have
[roped, pofed, fie®=pofied

whenever the compositions are defined.



(Ax 3). For all p: X —~Y € T-Mod,
VMyeY.yoped)=ped
where y* is induced by y : 1 — Y, % — 4.

Condition (Ax 2) requires that @ is closed under certain compositions. In fact, in most
examples @ will be closed under arbitrary compositions. Furthermore, there is a largest
and a smallest such class of T-distributors, namely the class P of all J-distributors and
the class R = {f* | f : X — Y’} of all representable T-distributors.

We call a T-functor f : X — Y ®-dense if f, € . Certainly, if f is a left adjoint
T-functor, with f - g, then f, = ¢* € ® and therefore f is ®-dense. A T-category X is
called ®-injective if, for all T-functors f : A — X and fully faithful ®-dense T-functors
i : A — B, there exists a T-functor g : B — X such that g -7 = f. Furthermore, X is

called ®-cocomplete if each weighted diagram

y s x

y

A
with ¢ € ® has a colimit g = colim(p,h) : Z — X. A T-functor f : X — Y is

®-cocontinuous if f preserves all existing ®-weighted colimits. Note that in both cases it

is enough to consider diagrams where h = 1x. We denote by
T-Cocont®

the 2-category of all ®-cocomplete T-categories and ®-cocontinuous J-functors, and by

‘J'—Cocontg;p its full subcategory of all ®-cocomplete and separated T-categories.

If @ is the class P of all T-distributors, then T-Cocont?® is the category of cocomplete
T-categories and left adjoint T-functors (as shown in [11, Prop. 2.12]).

2.1. LEMMA. Consider the (up to isomorphism) commutative triangle

RN

Y—> 7
of T-functors. Then the following assertions hold.
(1). If g and [ are ®-dense, then so is h.
(2). If h is ®-dense and g is fully faithful, then f is ®-dense.
(3). If h is ®-dense and f is dense, then g is ®-dense.

PROOF. The proof is straightforward: (1) h, = g. o f. € ® by (Ax 2), since g, f« € ®; (2)
fe=g"0g.ofi =g oh, € ® by (Ax 2), since h, € ®; (3) g. =g« 0 fuo f*=h, 0o f* € ®
by (Ax 2), since h, € P. =
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We put now
X ={yY e PX | ¢ € D}

considered as a subcategory of PX. We have the restriction
¥y X — &X

of the Yoneda map, and each ¢ € ®X is a $-weighted colimit of representables (see [11,
Proposition 2.5]).

2.2.  LEMMA. The following assertions hold.
(1). y% : X — ®X is P-dense.

(2). For each T-distributor ¢ : X —~Y, @ € ® if and only if ‘o' : Y — PX factors
through the embedding ®X — PX.

PROOF. By the Yoneda Lemma (Corollary 1.5), for any ¢ € ®X we have ¢* o (y% ). =
¢ € @, therefore (y%). € ® by (Ax 3) and the assertion (1) follows. To see (2), just
observe that "¢ '(y) = y* o ¢, and use again (Ax 3). "

Our next result extends Theorem 2.6 of [11]. We omit its proof because it uses exactly

the same arguments.

2.3. THEOREM. The following assertions are equivalent, for a T-category X.
(i). X is ®-injective.

(ii). y% : X — ®X has a left inverse Supy : X — X.

(iii). y® : X — ®X has a left adjoint Supy : X — X.

(v). X is ®-cocomplete.

Recall from [11] that, for a given T-functor f : X — Y, we have an adjoint pair of
T-functors Pf - f~! where

Pf:PX — PY and Py — PX.
Yr— o f* Yr— 1o f,

By (Ax 1) and (Ax 2), the T-functor Pf : PX — PY restricts to a T-functor
df: dX — PY.

On the other hand, f~! : PY — PX restricts to f~! : &Y — ®X provided that f is
®-dense.
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2.4. PROPOSITION. The following conditions are equivalent for a T-functor f : X —
Y.

(i). [ is ®-dense.
(ii). ®f is left adjoint.
(117). ®f is O-dense.

PROOF. (i) = (ii): If f is ®-dense, then ®f 4 f~' : ®Y — ®X defined above. (ii)
= (ili): If ®f H g, then (®f). = ¢ € ® and Of is P-dense. (iii) = (i): Consider the

diagram
D

X > 0X

1| |5

Y T{‘; dY
If &f is P-dense, then 45 -f = Of -y} is P-dense, and so by 2.1(2) f is P-dense because
yy is fully faithful. -

In particular, for each T-category X, ® y§ : dX — DX has a right adjoint, (y?})_l.

We show next that (3% )" has also a right adjoint, 33, : ®X — ®®X, so that:

Oy (yy) " =Supgx 1y -
2.5. PROPOSITION. For each T-category X, ®X 1s ®-cocomplete where Supgx = (y‘;})_l.

PROOF. Since y% is ®-dense, we may define Supgy := (y%)~'. We have to show that
Supgy is a left inverse for y2 ; that is, (y%)~' - 42 = lgx: for each v € X, ((3%)~"-
Yax) () =" o (y3). = . .

In [11] we constructed P f as the colimit P f = colim((y )«, 3, -f), and a straightfor-
ward calculation shows that also ®f 2 colim((y% ), 45, - f), for each T-functor f : X —
Y. To see this, we consider the commutative diagrams

Yx

Y% ix
X DX, PX

I

Y —> oY —>PY

w

Yy
and obtain
(Df)s =iy oy, o (Df)s
=iy o (Pf).oix.
=i} o ((yy* o f.) o— .l/X*) Oiyx. since P f = colim((yy )+, yy - f)
= (iy o yy, o fu) o= (ix" o yy,) by Lemma 1.2



2.6. PROPOSITION. Let f: X — Y a T-functor where X and'Y are ®-cocomplete.

(1). The following assertions are equivalent.

(a) [ is ®-cocontinuous.
(b) We have f - Supy = Supy. -®f.

of
dX —PY
Sup?}l =] iSup?

X4f>y

(2). [ is ®-cocontinuous and ®-dense if and only it is a left adjoint.

Proor. (1) (a) = (b): Recall that

1x

XXX
4
)b
X % (Supd)a=lxo-(52).

oX

Hence
(f-Supk)e = fuo (%)
= ((Supy)s o (y5)x 0 f2) o= (y5)-
= (Supy). o ((53)« © fu o= (y%))
= (Supy).o ®f..

(b)= (a): Consider
1*
X<~ x 1oy
E

w%
7 (Sup% T ).
A
Then
(f-Sup%-"p") = Supy-®f- ¢
= Supy ¢ f1
=~ colim(y, f)

12

(2) If f is ®-cocontinuous and P-dense, from the commutative diagram of (1)(b) we
have f = Sup% -f~! - y¥ since f-Supy = Supy -®f 4 f~! -y and Sup% - 4% = 1x. The

converse is trivially true.

2.7. COROLLARY. ®X s closed in PX under ®-weighted colimits.
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PrROOF. We show that the inclusion functor i : $X — PX is ®-cocontinuous, which, by

the proposition above, is equivalent to the commutativity of the diagram

DX —2> PPX
Supgxl lSup;{;X

@X?'PX

In Proposition 2.5 we observed Supgy = (3%)7!, and from Theorem 2.3 and [11, The-
orem 2.8] follows that Suppy is the restriction of yy : PPX — PX to ®PX. Let
U e &PX. Then

P (g3 (8) = o (5]).

and

yx @i(0) =y (T o) = Toi'o(yy). = To(yy)

and the assertion follows. m

Theorem 2.3 says in particular that, for each J-functor f : A — X, ®-injective
T-category X and fully faithful ®-dense J-functor ¢ : A — B, we have a canonical
extension g : B — X of f along i, namely g = colim(i,, f), giving us an alternative

description of ®f.

2.8. THEOREM. Composition with yi : X — ®X defines an equivalence
T-Cocont®(®X,Y) — T-Cat(X,Y)

of ordered sets, for each ®-cocomplete T-category Y .

The series of results above tell us that ‘J'—Cocontfep is actually a (non-full) reflective
subcategory of T-Cat, with left adjoint ® : J-Cat — ‘J’—Cocont;};p. In fact, ® is a 2-
functor and one verifies as in [11] that the induced monad I? = (®, y*, (y*)~!) on T-Cat
is of Kock-Zdoberlein type. Theorem 2.3 and Proposition 2.6 imply that f]‘—(:ocontgzp is
equivalent to the category of Eilenberg-Moore algebras of 1%.

Finally, we wish to study monadicity of the canonical forgetful functor

T-Cocont? <, Set.

sep
Certainly,

(a) G has a left adjoint given by the composite

dis >
=~ J-Cat —— ‘T—Cocontip,

Set

where disc(X) = (X, e%), and disc(f) = f.
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In order to prove monadicity of G we will impose, in addition to (Ax 1)-(Ax 3),
(Ax 4). For each surjective T-functor f, f, € ®.

Hence, any bijective f : X — Y in ‘J'—Cocont;ip is ®-dense and therefore left adjoint. By
[11, Lemma 2.16], f is invertible and we have seen that

(b) G reflects isomorphisms.
In order to conclude that G is monadic, it is left to show that
(c) T-Cocont®_ has and G preserves coequaliser of G-equivalence relations

sep

(see, for instance, [15, Corollary 2.7]). To do so, let m, 7y : R = X in T-Cocont®  be an

sep

equivalence relation in Set, where m; and 7, are the projection maps, and let ¢ : X — @

be its coequaliser in T-Cat. The proof in [11, Section 2.6] rests on the observation that
P7T1 P
PR—=PX —=PQ
Pmo
is a split fork in T-Catg,. Naturally, we wish to show that, in our setting,
(0% 2% P
PR —= X — > 0Q
2

gives rise to a split fork in J-Cats, as well. Since 7, m and ¢ are surjective, the TJ-
functors 7, m and g are ®-dense and therefore we have T-functors ¢=! : #Q — ®X and
' ®X — ®R. Furthermore, ®q- ¢! = lgx = ®my -7, L. It is left to show that

g g =dmymy

which can be shown with the same calculation as in [11], based on the following proposi-

tion.
2.9. PROPOSITION. Consider the following diagram in T-Cat
Unt
R—=X—>Q

with 7y, m : R = X in T-Cocont®

sep” (71, m2) an equivalence relation in Set, and q : X —

Q its coequaliser in T-Cat.
(1). If w1, mo are left adjoints, then q is proper.

(2). The diagram

1s a split fork in T-Cat.

PROOF. (1) As in [11, Lemma 2.19 and Corollary 2.20].
(2) Analogous to the proof presented in [11, Section 2.6]. =
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Finally, we conclude that:

2.10. THEOREM. Under (Az 1)-(Ax 4), the forgetful functor G : T- CocontSep — Set is

monadic.

PROOF. In order to show that ‘.T—Cocontg;p has and G preserves coequaliser of G-equivalence

relations, consider again the first diagram of Proposition 2.9. We have seen that

/EI\ /”\\

dmo
is a split fork and hence a coequaliser diagram in T-Cat. Since m; and 7y are $-cocontinuous,
there is a T-functor Supg . ®Q) — () which, since ¢ : X — (@ is the coequaliser of
m,me - R = X in T-Cat, satisfies Supg-yg = 1g. The situation is depicted in the

following diagram.

y%l iyg’c lyA
<I>7r1
OR—Z DX —'> oQ
[ /
SupRl lSupX §SUP
st q v /

—=ZX—Q
2

We conclude that @) is separated and ®-cocomplete, and ¢ : X — @ is ®-cocontinuous.
Finally, to see that ¢ : X — (@ is the coequaliser of 7,7 : R = X in J- Cocontsep, let
h:X — Y bein T- Cocont<I> with h -1 = h-m. Then, since ®q is the coequaliser of
Oy, Py - PR = ®X in T- Cocont

such that f - &g = h - Supy. Then

sepy there is a ®-cocontinuous T-functor f: ¢Q — Y

fryg-a=1r-®q-y% =h-Suwpk-yy =h
and
Supl -Bf - @y By = f - Suply @ 4% g = f - Bg = h - Sup}
=f-y§;-q-8up?}=f-yZ-Sup$-<1>q,

hence Supy -®(f - yg) =f- yg . Supg, that is, f - yg is ®-cocontinuous. n

3. The examples

3.1.  ALL DISTRIBUTORS. The class & = P of all distributors satisfies obviously all four
axioms. In fact, this is the situation studied in [11].
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3.2. REPRESENTABLE DISTRIBUTORS. The smallest possible choice is ® = R being
the class of all representable T-distributors R = {f* | fis a T-functor}. Clearly, R
satisfies (Ax 1), (Ax 2) and (Ax 3) but not (Ax 4). We have R(X) = {z* | z € X},
each T-category is R-cocomplete and each T-functor is R-cocontinuous, and therefore
‘J'—Cocontzgp = T-Catgep. This case is certainly not very interesting; however, our results

tell us that the inclusion functor T-Catge, < T-Cat is monadic. In particular, the category

Top, of topological Ty-spaces and continuous maps is a monadic subcategory of Top.

3.3. ALMOST REPRESENTABLE DISTRIBUTORS. We can modify slightly the example
above and consider ® = Ry the class of all almost representable T-distributors, where a
J-distributor ¢ : X —e~Y is called almost representable whenever, for each y € Y, either
y*op =1 or y* op = z* for some x € X. As above, R, satisfies (Ax 1), (Ax 2) and
(Ax 3) but not (Ax 4).

By definition, for a T-category X we have

Ro(X) ={ € PX [ € Ro} ={z" [z € X} U{L},

with the structure inherited from PX. Furthermore, a T-functor f : (X,a) — (Y, b) is
Ro-dense whenever, for each y € Y,

I eTX . 0(Tf(x),y)>L = Ire XVreTX.b(Tf(x),y) =alr, x).

Hence, with

Yo={yeVY |HheTX.b(Tf(x),y) >L}

we can factorise an Ry-dense T-functor f: X — Y as

where Yy — Y is fully faithful and X S, Yy is left adjoint. If we consider f : X —
Y in Top, then Yy = f(X) is the closure of the image of f, so that each Ry-dense
continuous map factors as a left adjoint continuous map followed by a closed embedding.

Consequently, for a topological space X, the following assertions are equivalent:
(i). X is injective with respect to Ro-dense fully faithful continuous maps.
(7). X is injective with respect to closed embeddings.

Note that in this example we are working with the dual order, compared with [8,
Section 11].

3.4. RIGHT ADJOINT DISTRIBUTORS. Now we consider ® = L the class of all right
adjoint T-distributors. This class contains all distributors of the form f*, for a T-functor
f, and it is closed under composition. Since adjointness of a J-distributor ¢ : X —~Y
can be tested pointwise in Y, the axioms (Ax 1), (Ax 2) and (Ax 3) are satisfied. By
definition, £(X) = {¢ € PX | 9 is right adjoint}, and a T-category is L-cocomplete
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if each pair ¢ 49, p : Y - X ¢ : X - Y, of adjoint T-distributors is of the form
fe 1 f*, for a T-functor f : Y — X. For V-categories, this is precisely the well-known
notion of Cauchy-completeness as introduced by Lawvere in [14] as a generalisation of the
classical notion for metric spaces. However, Lawvere never proposed the name “Cauchy-
complete”, and, while working on this notion in the context of T-categories in [6] and [12],
we used instead Lawvere-complete and L-complete, respectively. Furthermore, one easily

verifies that each T-functor is L-cocontinuous, that is, (right adjoint)-weighted colimits

L
sep

all separated and Lawvere complete J-categories.

are absolute, so that T-Coconty, = T-Cat.p is the full subcategory of T-Cat consisting of

On the other hand, for a surjective T-functor f, f, does not need to be right adjoint,
so that (Ax 4) is in general not satisfied. This is not a surprise, since natural instances
of this example fail Theorem 2.10. Indeed, in the category of ordered sets and monotone
maps, any ordered set is Lawvere-complete, hence the category of Lawvere-complete and
separated ordered sets coincides with the category of anti-symmetric ordered sets. The
canonical forgetful functor from this category to Set is surely not monadic. Also, the
canonical forgetful functor from the category of Lawvere-complete and separated topo-

logical spaces (= sober spaces) and continuous maps to Set is also not monadic.

3.5. INHABITED DISTRIBUTORS. Another class of distributors considered in [11] is & =
7T the class of all inhabited T-distributors. Here a J-distributor ¢ : X —~Y is called
inhabited if

VyeY k< \/ o)

reTX
(Ax 3) is satisfied by definition, and in [11] we showed already the validity of (Ax 1)
and (Ax 2). Furthermore, one easily verifies that (Ax 4) is satisfied. Hence, as already
observed in [11], all results stated in Section 2 are available for this class of distributors.
Let us recall that, specialised to Top, inhabited-dense continuous maps are precisely the
topologically dense continuous maps, and the injective spaces with respect to topologically

dense embeddings are known as Scott domains [9].

3.6. “CLOSED” DISTRIBUTORS. A further interesting class of distributors is given by
O={p: X =Y |VWeY,reTX oty < \/ alt,r) ® plex(x),v)},
zeX

that is, ¢ € @ if and only if ¢ < p-ex - a. Clearly, (Ax 3) is satisfied. For each T-functor
g:(Y,b) — (X, a) we have

gex-a=¢"-a-ex-a>qg°-a=g",
hence g* € ®. Furthermore, given T-distributors ¢ : X —e~Y and ¥ : Y —~ Z in &, then
Qﬂogp:qﬁ@gpm}éqbeybzgpmg{:wey@Swey(peXa
Sq/}-j;(p-eTXneX-a§¢-72¢-moX-€X-a:(¢Ow)-ex.a
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and therefore also 1o p € ®. We have seen that this class of distributors satisfies (Ax 1),
(Ax 2) and (Ax 3). On the other hand, (Ax 4) is not satisfied.
By definition, a T-functor f : (X,a) — (Y,b) is ®-dense whenever, for all r € TX
andy €Y,
WTF(:).) < \/ ale.) © ey (F(@)).).

zeX

Hence, each proper T-functor (see [4]) is ®-dense. In fact, ®-dense T-functors can be
seen as “proper over V-Cat”, and the condition above states exactly properness of f if the
underlying V-category SY of Y = (Y, b) is discrete. Furthermore, each surjective ®-dense
JT-functor is final with respect to the forgetful functor S : T-Cat — V-Cat. To see this,
let f:(X,a) — (Y,b) be a surjective ®-dense T-functor, Z = (Z,c) a T-category and
g :SY — SZ a V-functor such that ¢gf is a T-functor. We have to show that g is a
J-functor. Let y € TY and y € Y. Since T'f is surjective, there is some ¢ € T'X with
Tf(x) =1v. We conclude

b(,y) = b(Tf(x),y)
< \/ a(r.z) @ bley (f(2)),)

zeX

<\ «T(9h) (@), 9 (x) ® clez(9f (), 9(y))

zeX

<c(Tg(n),9(v))-

3.7. FURTHER EXAMPLES. A wide class of examples of injective topological spaces is
described in [8], where the authors consider injectivity with respect to a class of embed-
dings f : X — Y such that the induced frame morphism f, : QX — QY preserves
certain suprema. A similar construction can be done in our setting; to do so we assume
from now on T1 = 1. For a T-category X, the V-category of covariant presheafs VX is
defined as

V¥ ={a:1— X | ais a T-distributor} = {a: X — V | a is a T-functor},

and the V-categorical structure [«, 5] € V is given as the lifting

B

1_‘3*1’

X .
“% - aofi=fa,f]
|

o~

for all o, 3 € VX. Since e; : 1 — T1 is an isomorphism, this lifting of T-distributors

does exist and can be calculated as the corresponding lifting of V-distributors

<—'g—1

X <=1,
%/,O
1
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Each J-distributor ¢ : X —e~Y induces a V-functor
po(—) SV — VY ar—poa,

which is right adjoint if ¢ is a right adjoint T-distributor. Given now a class ¥ of V-
distributors, we may consider the class ® of all those T-distributors ¢ for which ¢ o (—)
preserves W-weighted limits. This class of J-distributors is certainly closed under com-
position, and contains all right adjoint T-distributors, hence it includes all representable
ones. Finally, if W-weighted limits are calculated pointwise in V¥, then also (Ax 3) is
fulfilled. As particular examples we have the class ® of all T-distributors ¢ : X —e~Y for

which ¢ o (—) preserves

(1). the top element of VX, that is, for which ¢ o T = T. In pointwise notation, this

reads as
ey . T=\ otyeT.

€TX
If £ = T, then this class of T-distributors coincides with the class of inhabited

J-distributors considered in 3.5.
(2). cotensors, that is, for each u € V and each a € VX, o hom(u, a) = hom(u, ¢ o a).
(3). finite infima (cf. [8, Section 6]).
(4). arbitrary infima (cf. [8, Section 7).

(5). codirected infima (cf. [8, Section 8]).
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