INJECTIVE SPACES VIA ADJUNCTION
DIRK HOFMANN

AsstrACT. The work of the present author and his coauthors over the past years gives evidence that it may
be useful to regard each topological space as a kind of enriched category, by interpreting the convergence
relation ¥ — x between ultrafilters and points of a topological space X as arrows in X. Naturally, this point
of view opens the door to the use of concepts and ideas from enriched Category Theory for the investigation
of topological spaces. Topological theories introduced by the author provide a convenient general setting
for appropriately transferring these concepts and ideas to the world of topological spaces and some other
geometric objects such as approach spaces. Using tools like adjunction and the Yoneda lemma, we show
that the cocomplete spaces are precisely the injective spaces, and they are algebras for a suitable monad
on Set. This way we obtain enriched versions of known results about injective topological spaces and

continuous lattices.

INTRODUCTION

The title of this article is clearly reminiscent of the chapter Ordered sets via adjunction by R. Wood
[Woo04], where the theory of ordered sets is developed elegantly employing the concept of adjunction.
Whereby R. Wood works in an elementary topos, in the present paper the context of a topos is dropped
and instead a generalisation of ordered sets with respect to a so called topological theory T is considered.
This way we can also view topological or approach spaces as certain kind of ordered sets, which in turn
can be seen as special categories. In this paper we wish to emphasise the categorical perspective, and
therefore call this kind of ordered sets J-categories. We hope to be able to convince the reader of “the
power and simplistic beauty of the use of adjuntions” (Introduction of [PT04]]) in the study of geometric
objects such as topological and approach spaces.

One of the ways to motivate our specific interpretation of “spaces are categories” is to go back to the
famous 1973 paper by F. W. Lawvere [Law73|], where he considers the points of a (generalised) metric
space X as the objects of a category X and lets the distance

d(x,y) € [0, o]
play the role of the hom-set of x and y. In fact, the basic laws
0> d(x,x) and d(x,y) +d(y,z) = d(x,z2)
remind us immediately to the operations “choosing the identity” and “composition”
1 — hom(x, x) and hom(x, y) X hom(y, z) — hom(x, z)

of a category. In this paper we consider the points of a topological space X as the objects of the category,
and interpret the convergence ¥ — x of an ultrafilter ¥ on X to a point x € X as a morphism in X. With
this interpretation, the convergence relation

(%) —: UX XX —2
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becomes the “hom-functor” of X. Clearly, we have to make here the concession that a morphism in X
does not have just an object but rather an ultrafilter (of objects) as domain. This intuition is supported by
the observation (due to M. Barr [Bar70]) that a relation ¥ — x between ultrafilters and points of a set X
is the convergence relation of a (unique) topology on X if and only if

@) ex(x) — x and X —x&x— x) E mxy(X) — x,

forall x € X, x € UX and X € UUX, where mx(X) is the filtered sum of the filters in X and ex(x) = x
the principal ultrafilter generated by x € X. In the second axiom we use the natural extension of a
relation between ultrafilters and points to a relation between ultrafilters of ultrafilters and ultrafilters,
so that X — x is a meaningful expression. In our interpretation, the first condition postulates the
existence of an “identity arrow” on X, whereby the second one requires the existence of a “composite”
of “composable pairs of arrows”. Furthermore, a function f : X — Y between topological spaces is
continuous whenever ¥ — x in X implies f(¥) — f(x) in Y, that is, f associates to each object in X an
object in Y and to each arrow in X an arrow in Y between the corresponding (ultrafilter of) objects in Y. It
is now a little step to allow that the hom-functor () of such a category X takes values in a quantale V other
than the two-element Boolean algebra 2, and that the domain x of an arrow ¥ — x in X is an element of a
set T X other than the set UX of all ultrafilters of X. As one can see immediately, we need T to be a functor
T : Set — Set in order to define the notion of functor between such categories, moreover, we need T
to be part of a Set-monad T = (T, e, m) in order to formulate the axioms (] of a category in this context.
Eventually, we reach the notion of a (T, V)-category (also called (T, V)-algebra or lax algebra), for a Set-
monad T and quantale V, as introduced in [[CHO3}ICTO3LICHT04]. Lawvere’s metric spaces appear in this
setting as (1, [0, co])-categories and ordered sets as (1, 2)-categories, where 1 denotes the identity monad.
But note that, although the concept of a (T, V)-category encompasses quantale-enriched categories such
as ordered sets and metric spaces, ordinary categories are not examples of (T, V)-categories since we
consider only a quantale V and not a monoidal category in general. An interesting approach to a general
kind of categories including ordinary categories was presented by Burroni [Bur71]]; however, it is not yet
clear to me how to extend the techniques developed in this work to this setting. This fact raises naturally
the question if the name “(T, V)-order” would not be more appropriate. We decided to keep the name
“('T", V)-category” to emphasise the categorical motivation of this work.

Though the initial paper [CHO3|] focused on the topological features of this approach, already in
[CTO3] the emphasis was put on the categorical description of lax-algebras. Naturally, this point of
view creates the desire to lift familiar notions and results from Category Theory to this (T, V)-setting.
The theory of categories enriched in a monoidal closed category V is by now classical [Bén63, Bén65,
EK66, Kel82, LLaw73]]. We have a wide range of concepts and theorems at our disposal, including such
things as modules (also called distributors, profunctors), weighted (co)limits, the Yoneda Lemma, Kan
extensions, adjoint functors, and many more. A first step towards “Category Theory for spaces” was
done in [CHQ9]], where the notion of module was introduced into the realm of (T, V)-categories. As
in the case of V-categories, this concept is fundamental for the further development of the theory; for
instance, completeness properties of (T, V)-categories are formulated in terms of modules. In fact, in
[CHO9] the categorical notion of Cauchy-completeness (the name Lawvere-completeness respectively L-
completeness is proposed in [[CHO9, [HTOS]]) is introduced and studied. A further achievement of [CHO9]|
is the formulation and proof of a (T, V)-version of the famous Yoneda lemma, a result which turns out to
be crucial for the study of (T, V)-categories in the same way as the classical result is for the development
of the theory of V-categories. This can be judged by looking at the results and proofs of the subsequent
paper [HTO8]] and also the present one. However, in order to proceed with our “spaces as categories”
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project, further conditions on the monad T and the quantale V are needed. As a result of the work on this
subject emerged the notion of a topological theory T = (T, V, &) introduced in [HofQO7]], where one adds
amap ¢ : TV — V compatible with the monad and the quantale structure to the setting. Our experience
shows so far that this concept is broad enough to include our principal examples, and at the same time
restrictive enough to allow us to introduce categorical ideas into the realm of (T, V)-categories (which
we now call T-categories).

The particular topic of this paper is the study of weighted colimits, cocomplete T-categories and
adjoint J-functors. We start by recalling the definition of the principal players, namely J-categories,
T-functors and T-modules, and then proceed introducing adjoint T-functors and weighted colimits for
T-categories precisely as for V-categories. It turns out that in extending V-enriched category theory to the
context of topological theories, the main difficulty lies in finding suitable T-substitutes for dual category,
presheaf-construction and the Yoneda Lemma. Fortunately, many of these problems were already solved
in [[CHOY]. However, in this paper we give a different approach to the Yoneda lemma, by proving a more
general result (Theorem[I.10) more suitable for our purpose. Moreover, our proof does not need anymore
the restrictive condition 71 = 1. The main results of this paper can then be summarised as follows.

Theorem[2.5| | Existence of left Kan extensions into cocomplete T-categories.

Theorem[2.7| | Characterisation of cocomplete T-categories as precisely the injective ones with
respect to fully faithful T-functors, and as those T-categories X for which the
Yoneda functor y, : X — X into the presheaf T-category X has a left adjoint.

Theorem[2.9| | Cocompleteness of the presheaf T-category X.

Theorem [2.10] | Universal property of the Yoneda embedding.

Theorem [2.16] | Monadicity of the category T-Coctssep, of separated and cocomplete (=injective)
T-categories and left adjoint T-functors over J-Cat (resp. T-Catsep), the category
of (separated) T-categories and T-functors, where the induced monad is of Kock-
Zoberlein type.

Theorem [2.23| | Monadicity of the forgetful functor from J-Cocts,, to Set.

Note that our categorical approach has led us to a well-known result for topological spaces: injective
To-spaces (together with suitable morphisms) are the Eilenberg—Moore algebras for the “filter on open
subsets” monad on Top,, the category of Ty-spaces and continuous maps, as well as for the filter monad
on Set (see [Day75| [Esc97] for details). We have now generalised these facts to T-categories, but to do
so we used (almost) only standard arguments from Category Theory! Furthermore, in the last subsection
we show that corresponding results about densly injective Ty-spaces can be obtained in a similar way.

Finally, let us indicate a new possible application of this work. Topology and Order Theory play a
fundamental role in Theoretical Computer Science, mainly in the study of programming semantics. Clas-
sically, special classes of ordered sets are used to construct semantic domains, but later work [BvBRO9S|,
FK97]] shows the applicability of the theory of (complete) metric spaces and uniform spaces to Domain
Theory. One of the nice features of Domain Theory is the strong interaction between topological and
order-theoretic ideas. For instance, continuous lattices [Sco72] can be described purely in order theoretic
terms as well as in topological terms: as ordered sets with certain completeness properties, or as injective
topological Ty-spaces with respect to embeddings. There exist many interesting attempts in the literature
to introduce continuous metric spaces, or, more general, continuous V-categories; all of them are (more
or less) based on the order-theoretic approach to continuous lattices ([Wag94, [BvBR9S| Was02]]). We
are not aware of any attempt using injectivity properties in a suitable category. The results of the present
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work indicate that, for instance, R. Lowen’s approach spaces ([Low97]]) can serve as a useful tool for
the introduction and study of continuous metric spaces as injective approach spaces. This way we get
immediately an algebraic description since, by Theorems [2.23] and [2.24] injective To-approach spaces
are precisely the Eilenberg—Moore algebras for certain monads on sets and metric spaces, respectively.
Hence, these monads can be seen as metric equivalents to the filter monad.

Finally, in the following table we indicate the relationship between some V-concepts and T-concepts.

V-case | T-case
V-relation r : X—+- Y (seell1.2)) | T-relationa : X —+— Y (see|1.3JL
relational composition s - r (see|1.2)) | Kleisli convolution 5 o & (se;rlﬁl)

extension r e— ¢ (see|l.2)) | extension y o— « (see|l.3[)
V-category | T-category (se(ﬂL4I)
V-functor | T-functor (see |EF
V-module | T-module (see]ﬁl)
Set | Set™: Eilenberg—Moore category of the monad T'

underlying set of a V-category X | |X|: free T-algebra of the underlying set of a T-

category X (see([T.4|and[T.5)

dual V-category X°P | dual T-category X°P (see—|I4I)

1. THE SETTING

1.1. Topological theories. Throughout this paper we consider a strict fopological theory as introduced
in [Hof07]]. Such a theory T = (T, V, &) consists of a commutative unital quantale V = (V, ®, k), a Set-
monad T = (7, e, m) where T and m satisfy (BC) (that is, 7 sends pullbacks to weak pullbacks and each
naturality square of m is a weak pullback) and a map ¢ : TV — V such that
(1) the monoid V in Set lifts to a monoid (V, &) in (SetT, x, 1), thatis, £ : TV — V is a T-algebra
structure on Vand ® : VXV — Vand k : 1 — V are T-algebra homomorphisms. In other
words, we require the following diagrams to commute.

¢ T¢
V—>TV TTV ——= TV
DN )
ly
v N —V
£
T(®)
1 % v T(VXV) —— TV
| J{ lg (&Tm,ETny) l J{f
1 ——=V VxV ————>V
®

2)(h:X —>V)r— (£-Th: TX — V) defines a natural transformation Py — PyT : Set —
Ord.
Here Py : Set — Ord is the covariant V-powerset functor defined as follows. We put Py(X) = VX with
the pointwise order. For a function f : X — Y, we have a monotone map V/ : V¥ — VX, o +— ¢ f.
It is easy to see that V/ preserves all infima and all suprema, hence has in particular a left adjoint denoted
as Py(f). Explicitly, for ¢ € VX we have Py(f)(¢)(y) = V{p(x) | x € X, f(x) = y}.

Examples 1.1. (1) The identity theory J = (1,V, ly), for each quantale V, where 1 = (Id,1,1)
denotes the identity monad.
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2) Uz = (U,2,&), where U = (U, e,m) denotes the ultrafilter monad and &> is essentially the
identity map.
(3) Up. = (U, P, é&p ) where P, = ([0, ]°P, +,0) and

& 1 UP — P, x+—inflveP |[0,v] € x).

(4) The word theory Ly = (L, V,&,), for each quantale V, where I = (L, e, m) is the word monad
and

& LV — V.
Voo V) VB ... 0V,

Or—k

1.2. V-relations. The quantaloid V-Rel [BCSW8&3] has sets as objects, and an arrow r : X—+ Y from X
to Y is a V-relation r : X X Y — V. Composition of V-relations r : X—+— Y and s : Y=+ Z is defined as
matrix multiplication
s-r(x,z) = \/ r(x,y) ® s(y, 2),
yey
and the identity arrow 1y : X—+ X is the V-relation which sends all diagonal elements (x, x) to k and
all other elements to the bottom element L of V. The complete order of V induces a complete order on

V-Rel(X,Y) = V¥*Y: for V-relations r, ' : X—— Y we define

4

r<r = VYxeXVyeY.r(x,y) <r(xy).

Any element u € V can be interpreted as a V-relation u : 1+ 1. Then, given alsove V,v-u =vQu,
and k represents the identity arrow. We have an involution (r : X—+>Y) +— (r° : Y=+ X) where
r°(y, x) = r(x,y), satisfying

Iy = lx, (s-1)°=rs°, P =1,
as well as r° < s° whenever r < s. Furthermore, there is an obvious functor
Set—— V-Rel, (f: X —>YV)+— (f: X+Y)
sending amap f : X — Y toits graph f : X—+> Y defined by
) {k if £0) = 3,
1 else.

Then, in the quantaloid V-Rel, we have f 4 f°. If the quantale V is non-trivial, i.e. if L < k, then
the functor above from Set to V-Rel is faithful and we can identify the function f : X — Y with the
V-relation f : X—+> Y. In the sequel we will always assume L < k, and write f : X — Y for both the
function and the V-relation.

Lett : X—+ Z be a V-relation. The composition functions

—-t:V-Rel(Z,Y) — V-Rel(X, Y) and t-—:V-Rel(Y,X) — V-Rel(Y, 2).
preserve suprema and therefore have respective right adjoints

(=) —t:V-RelX,Y) — V-Rel(Z,Y) and t — () : V-Rel(Y,Z) — V-Rel(Y;, X).
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Hence, for V-relations s : Z—+ Y, r : X—+> Y respectively s : ¥ — X, r : Y= Z, we have bijections

s-t<r and t-s<r .
s<ret s<t—er
X Z
t t

< <
Z—=Y X<

We call r o— ¢ the extension of r along t, and t —e r the lifting of r along t.

1.3. T-relations. The functor 7 : Set — Set extends to a 2-functor I: V-Rel — V-Rel as follows:
we put X = TX for each set X, and

Tr:TXXTY —V
) — \/ {g- Tr(w) | we T(X x ¥), Try(w) = ¥, Tro(w) = n}

for each V-relation r : X—— Y. Thatis, r : TXXTY — V is the smallest map s : TXXTY — V such

that £ - T's < s - can, where we consider the pointwise order.

can

T(X X Y) TXxTY

fxw(ﬂ% L

Vv

As shown in [Hof07], we have T.f = T f for each function f : X — Y, T:(r°) = T.(r)° (and we write
Ir°) for each V-relation r : X—+ Y, m becomes a natural transformation m : 7,7, — 7, and e an op-lax
natural transformation e : Id — 7, i.e. ey or < Troex forall r : X—+—> Y in V-Rel.

A V-relation of the form a : TX—+ Y we call T-relation from X to Y, and write ¢ : X —+ Y. For
T-relations @ : X —+ Y and 8 : Y —+ Z we define the Kleisli convolution o a : X + Z as

Boa=pTa- m.

Kleisli convolution is associative and has the J-relation €5 : X — X as a lax identity: a o 5, = a and
eyoa>aforanya: X—+ Y. Wecalla : X—+ Y unitary if €}, oa = a, so that e}, : X —+ X is
the identity on X in the category T-URel of sets and unitary T-relations, with the Kleisli convolution
as composition. In fact, T-URel is a locally complete 2-category, where the 2-categorical structure is
inherited from V-Rel. Furthermore, for a T-relation a : X —+ Y, the composition function — o « still has
a right adjoint (—) o— @ but @ o — in general not. Explicitly, given also y : X =+ Z, we pass from

X -7z to TX —4—>7Z
4 i
Y TTX
el
TY

and define y o— « := y o (La - my). One easily verifies the required universal property, which in
particular implies that y o— « is unitary if & and vy are so.
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1.4. T-categories. A T-category is a pair (X, a) consisting of a set X and a J-endorelation a : X +— X
on X such that

[e]

ey <a and aoca<a.
Expressed elementwise, these conditions become
k < a(ex(x), x) and Y;a(%, ¥) ®ax, x) < almx(X), x)

forall X e TTX,x € TX and x € X. A function f : X — Y between T-categories (X, a) and (Y, b) is a
T-functor if f-a < b-T f, which in pointwise notation reads as

a(x, x) < b(T f(x), f(x))

for all x € TX, x € X. If we have above even equality, we call f : X — Y fully faithful. The resulting
category of T-categories and T-functors we denote as T-Cat. The quantale V becomes a T-category
V = (V,homg), where homg : TV XV — V, (v,v) — hom(é(v), v) (see [HofO7]).

Examples 1.2. (1) For each quantale V, Jy-categories are precisely V-categories and Jy-functors
are V-functors. As usual, we write V-category instead of Jy-category, V-functor instead of Jy-
functor, and V-Cat instead of Jy-Cat. In particular, 2-Cat = Ord and P -Cat = Met.

(2) The main result of [Bar70] states that Uo-Cat is isomorphic to the category Top of topological
spaces and continuous maps. In [CHO3] it is shown that Up-Cat is isomorphic to the category
App of approach spaces and non-expansive maps [Low97].

(3) For the word theory Ly = (IL, V, &), Ly-Cat can be seen as the category of multi-V-categories
and multi-V-functors.

The category Set” of T-algebras and T-homomorphisms can be embedded into T-Cat by regarding
the structure map @ : TX — X of an Eilenberg—Moore algebra (X, @) as a J-relation @ : X —+ X. The
T-category resulting this way from the free Eilenberg—Moore algebra (T X, myx) we denote as |X|. The
forgetful functor O : T-Cat — Set, (X, a) — X is ropological (see [AHS90]]), hence has a left and a
right adjoint and T-Cat is complete and cocomplete. The free T-category on a set X is given by (X, e%).
In particular, the free T-category (1, e]) on a one-element set is a generator in J-Cat which we denote as
G = (1, ¢€]). We have a canonical forgetful functor S : T-Cat — V-Cat sending a T-category X = (X, a)
to its underlying V-category SX = (X,a - ex). Furthermore, S has a left adjoint A : V-Cat — T-Cat
defined by AX = (X, e} - Tr), for each V-category X = (X, r). However, there is yet another interesting
functor connecting T-categories with V-categories, namely M : T-Cat — V-Cat which sends a T-
category (X, a) to the V-category (T'X, T.a - my). These functors are used in [CHO9] to define the dual of
a J-category X:

X = A(M(X)P).

Clearly, if T = Jy is the identity theory Jy = (1, V, 1y), then X°P is the usual dual V-category of X. It is by
no means obvious why the definition above provides us with a “good” generalisation of this construction.
We take Theorem as well as the Yoneda lemma for T-categories (see Theorem and Corollary
[I.TT) as a reason to believe so.

As studied in [Hof07]], the tensor product of V can be transported to T-Cat by putting (X, a) ® (¥, b) =
(X x Y, c) with

c(w, (x,y)) = a(x, x) ® b(, y),

where w € T(XXY), x€ X,ye Y, x =Tnr(w) and y = Tmy(w). The T-category E = (1, k) is a ®-neutral
object, where 1 is a singleton set and k : 71 X 1 — V the constant relation with value k € V. In general,
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this constructions does not result in a closed structure on T-Cat; however, the results of [Hof07|] give us
the following

Proposition 1.3. For each T-algebra X, X ® — : T-Cat — T-Cat has a right adjoint (-)X : T-Cat —
T-Cat. In particular, for |X| = (T X, my), the T-category structure [—, ] on VX! is given by the formula

fpwl= /\  hom(-Tev(a), ylmx - Tmi(@)),

qeT(IX|xVIX
q—p

for each p € TN and y € VXI. Moreover, for p = eyixi(¢) we have
levn(@),wll = /\ hom(e(x), (),

xeTX

Furthermore, several maps obtained from the quantale structure on V become now J-functors.

Proposition 1.4. The following assertions hold.

(1) Bothk : E— Vand® : V®V — V are T-functors, hence V is even a monoid in (T-Cat, ®, E).
(2) & :|V| — Vis a T-functor.
(3) V : VR — Vis a T-functor, for each set X.

Proof. (1) and (2) are easy to prove, (3) is a consequence of [HofO7, Proposition 6.11]. O

1.5. T-modules. Let X = (X,a) and Y = (¥,b) be T-categories and ¢ : X —— Y be a T-relation. We
call ¢ a T-module, and write ¢ : X —-~Y,if poa < ¢ and b o ¢ < ¢. Note that we always have
woa>wandbog > g, so that the T-module condition above implies equality. Kleisli convolution is
associative, and it follows that ¢ o ¢ is a T-module if ¢ : ¥ —e~Z and ¢ : X —e~Y are so. Furthermore,
we have a : X —=~ X for each T-category X = (X, a), and, by definition, a is the identity T-module on
X for the Kleisli convolution. In other words, T-categories and T-modules form a category, denoted as
T-Mod, with Kleisli convolution as compositional structure. In fact, T-Mod is an ordered category with
the structure on hom-sets inherited from J-Rel. As before, a Jy-module we call simply V-module and
write ¢ : X—e»Y, and put V-Mod = Jy-Mod. Finally, a T-relation ¢ : X — Y is unitary precisely if ¢ is
a J-module ¢ : (X, e}) —e= (Y, ¢}) between the corresponding discrete T-categories.

Remark 1.5. Since the compositional and the order structure for T-modules is as for T-relations, for
each J-module ¢ : (X,a)—(Y,b) and each T-category Z = (Z,c) we have an order-preserving map
— o : T-Mod(Y,Z) — T-Mod(X, Z). One easily verifies that, if { : (X, a) -~ (Z, ¢) is a T-module, then
so is { o— ¢. Hence, — o ¢ has a right adjoint (—) o— ¢. Furthermore, if ¢ 4 ¢ in T-Mod, then —oy 4 —o ¢
in Ord, and therefore — o ¢ = (=) o— .

Let now X = (X,a) and Y = (¥, b) be T-categories and f : X — Y be a function. We define T-
relations f, : X —+ Y and f* : Y —+ X by putting f, = b - Tf and f* = f° - b respectively. Hence, for
xeTX,peTY, xe Xandy €Y, we have f.(x,y) = b(T f(x),y) and f*(v, x) = b(», f(x)). Given now
T-modules ¢ and ¥, we obtain

pofi=¢-Tf and [roy=f"-y.
In particular, bo f. = fyand f* o b = f*,as well as f, o f* =b-Tf-Tf°-Tb-my < Db. The following

lemma can be easily verified.

Lemma 1.6. The following assertions are equivalent.

(1) f: X — Yisa T-functor.
(i) f.is a T-module f, : X Y.
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(iii) f* is a T-module f* : Y -~ X.
@iv) a £ f* o fi.

As a consequence, for each T-functor f : (X,a) — (¥, b) we have an adjunction f, 4 f* in T-Mod.
Moreover, given also a J-functor g : (¥,b) — (Z,¢),

giofi=c-Tg-Tf=c-T(g f)=(g f)
and
frog =[-8 c=@ ) c=@ N
Since also (1x). = (1x)* = a, we obtain functors
(=) : T-Cat — T-Mod and (=)' : T-Cat®® — T-Mod,
where X, = X = X*, for each T-category X.
Lemma 1.7. A T-functor f : (X,a) — (Y, b) is fully faithful if and only if 15, = f* o f..

Lemma 1.8. Consider T-modules ¢ : X —~Y, ¢ : X—~Z and a : Y —o~ B, where « is right adjoint.
Then

@o(po—y) =(aop) o—y.

Proof. Let B : B—e~Y be the left adjoint of . We have to show that the diagram

T-Mod(X. ¥) L T-Mod(Z. Y)

@o— \L i Qo—

T-Mod(X, B) O T-Mod(Z, B)
of right adjoints commutes. But the diagram

T-Mod(X, Y) <~ T-Mod(Z, Y)

o T T o-

J-Mod(X, B) ? J-Mod(Z, B)

of the corresponding left adjoints commutes since Kleisli convolution is associative, and the assertion
follows. ]

Theorem 1.9 ([CHO9]). For T-categories (X, a) and (Y,b), and a T-relation  : X —— Y, the following

assertions are equivalent.

1) ¥ : (X,a) -~ (Y,b) is a T-module.
(ii) Bothy : |X|®Y — Vand y : XP @Y — V are T-functors.

Here |X| denotes the T-category coming from the free Eilenberg-Moore algebra T X of the underlying set
of the T-category X.

Hence, by Proposition each T-module ¢ : X —e~ Y defines a T-functor

‘o 1Y — VA
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which factors through the embedding X — VI where X = {y e VX Y:X-eGland G = (1,¢)) is
the free J-category on 1.

Yy —2s il

X

In particular, for each T-category X = (X, a) we have a : X —e~ X, and therefore obtain the Yoneda functor
Yy = 0 X — X
Theorem 1.10. Let iy : X -~ Z and ¢ : X —o~Y be T-modules. Then, forall3€ TZandy €Y,
I7°0°G). ¢ 01 = (p o= ¥)G.Y).

Proof. First note that the diagrams

Lrxx"y’ N
\Y TXXZ —TXxX
ev e 2
TXXZ—>TXxX Z—X
IrxX ¥ V4

commute, where the right hand side diagram is even a pullback. Then, for 3 € TZ and y € Y, we have

[TW'G,eMI= N\ hom(&-Tev(®), ¢lmy - Tm (W), )

WeT(TXxX)
W—T "Y' (3)

= /\ /\ /\ hom(¢ - T ev(2W), ¢(x, y))

*€TX XeTTX WeT(TXxR)
my(¥)=x - .
W—T v (3),X

A\ hom( \/ £ Ty, ¢x,y)

x€TX XeITX WeT(TXXZ)
mx (X)=x Wr—3,X

A\ hom( \/ Tu(¥,3). ¢(x,y)

xeTX XeTTX
myx(X)=x

/\ hom(Ty - m(x,3), ¢(x, )
xeTX
=@ o (LY -my)G,y) = (¢ o= )3, ). O

Choosing in particular = a : X —<~X and Y = G, we obtain the “usual” Yoneda lemma (see also
[CHO9]).

Corollary 1.11. For each ¢ € X and each x € TX, o(x) = [T yy (%), @], that is,(yy). : X—-Xis given
by the evaluation map ev : TX x X — V. As a consequence, Yy X — X is fully faithful.

2. COCOMPLETE ‘J-CATEGORIES

2.1. J-Cat as an ordered category. We can transport the order-structure on hom-sets from T-Mod to
T-Cat via the functor (-)* : T-Cat®® — T-Mod, that is, we define f < g whenever f* < g*. Clearly,
we have f < g if and only if g, < fi. With this definition we turn T-Cat into a 2-category, and therefore
the (representable) forgetful functor O : T-Cat — Set factors through O : T-Cat — Ord. As usual,
we call T-functors f,g : X — Y equivalent, and write f = g, if f < gand g < f. Hence, f = g if
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and only if f* = g*, which in turn is equivalent to f. = g.. We call a T-category X L-separated (see
[HTO8] for details) whenever f = g implies f = g, for all T-functors f,g : ¥ — X with codomain X.
One easily verifies that it is enough to consider here the case ¥ = G = (1,¢]). Separateness captures
precisely the notion of anti-symmetry in ordered sets and the T axiom in topological spaces. Moreover,
a metric space X = (X, d) is separated if and only if, for all x,y € X, d(x,y) = 0 = d(y, x) implies x = y.
The T-category V = (V, homg) is L-separated, and so is each T-category of the form X, for a T-category
X. The full subcategory of T-Cat consisiting of all L-separated J-categories is denoted by T-Cat,. A
T-category X is called injective if, for all T-functors f : A — X and fully faithful J-functorsi: A — B,
there exists a J-functor g : B — X such that g - i = f. Clearly, for a L-separated T-category X we have
theng-i=f.

Lemma 2.1. The following assertions hold.
(1) Let f,g : X — Y be T-functors between T-categories X = (X,a) and Y = (Y,b). Then

f<g & VxeX.k<bley(f(x),g(x)).
In particular, for T-functors f,g : Y — V¥ we have

f<g &= VyeYzeTX. f(E <gO)QE).

(2) A T-category X is L-separated if and only if the underlying V-category S X is L-separated.
3) If a T-category X is injective with respect to fully faithful functors, then so is S X.

Proof. (1) can be found in [HTOS], (2) follows immediately from (1), and (3) follows from the facts that
S : T-Cat — V-Cat is actually a 2-functor and its left adjoint A : V-Cat — T-Cat sends fully faithful
V-functors to fully faithful T-functors. O

One of the most important concepts in a 2-category is that of adjunction. Here,a J-functor f : X — Y
is left adjoint if there exists a T-functor g : ¥ — X such that 1y < g- f and 1y > f - g. Passing to
J-Mod, f is left adjoint to g if and only if g. 4 f., that is, if and only if f, = g*. Bearing in mind Lemma
we have

Proposition 2.2. A T-functor f : X — Y is left adjoint if and only if there exists a functiong : Y — X
such that f. = g%, that is,
b(T f(x),y) = a(x, g(),

forallx e TX andy € Y. Such a function g : Y — X is necessarily a T-functor.

2.2. Cocomplete T-categories. Let now X = (X, a) be a T-category. Given a T-functor 4 : ¥ — X and
aweight y : Y —e~Z7 in T-Mod,

h*
Yy —— X
w% :
o ey
Z

we call a T-functor g : Z — X a y-weighted colimit of h, and write g = colim(y, h), if g represents
h. o=, i.e. if h, o— ¥ = g.. Clearly, if such g exists, it is unique up to equivalence and therefore we call
g “the” y-weighted colimit of 4. We say that a T-functor f : X — Y preserves the y-weighted colimit
of hif f - colim(y, h) = colim(y, f - h), that is, if (f - g)« = (f - h)x — . A T-functor f : X — Y is
cocontinuous if f preserves all weighted colimits which exist in X, and a T-category X is cocomplete if
each “weighted diagram” has a colimit in X. A straightforward calculation shows that we only need to

consider i = 1x.
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Lemma 2.3. Let f : Y — X be a T-functor and  : Y —~Z be a T-module. Then colim(y, f) =
colim(yo f*, 1x). In particular, X is cocomplete if and only if 1, o— s is representable by some T-functor
g Z — X, for each T-module  : X —o~Z. Furthermore, a T-functor f : X — Y is cocontinuous if
and only if f preserves all y-weighted colimits of 1x.

Remark 2.4. When studying V-categories, one can go even one step further and show that cocompleteness
reduces to the case Z = G. More precise, a V-category X is cocomplete if and only if (1x)* e ¢ is
representable by some V-functor, for each V-module ¢ : X—e»G. However, for a general theory T I am

not able to prove this.

Theorem 2.5 (Left Kan extension). Let X be a cocomplete T-category andi : A — B be a T-functor.
Then any T-functor f : A — X has a left Kan extension along i, that is, there is a T-functor g : B — X
with f < g -isuch that, forany g : B— X with f < g’ -i, g < g’. Moreover, if i is fully faithful, then
f=g-i

Proof. For T-functorsi : A — Band f : A — X, consider the weighted diagram givenby f: A — X
and i, : A—e~B. By cocompleteness of X, f. o— i, = g. for some T-functor g : B — X. Hence
(g-0)s =g:«0is < fi,and any g’ : B — X with g/, o i, < f, must satisfy g/, < g.. On the other hand, if
i : A — Bis fully faithful, from f, = f; oi* oi, we deduce f.oi* < f. o— i, = g., hence f, < g.oi,. O

We let T-Cocts denote the 2-category of all cocomplete T-categories and left adjoint T-functors be-
tween them. Correspondingly, T-Cocts,e, denotes the full subcategory of T-Cocts consisting of all
L-separated cocomplete T-categories.

Proposition 2.6. The following assertions hold.

(1) Each W' € X is a colimit of representables. More precisely, we have y, o~y = .

¥,
X —=X

vy o
R A
G
(2) Every left adjoint T-functor f : X — Y between T-categories is cocontinuous.
Proof. (1) Letae T1and h € X. Then, by Theorem |1.10]
(5, = W), ) = [Ty (@), hll = ¥ (. ).
(2) Leth:A — Xbein T-Cat, ¥ : A—~Bin T-Mod, and g = colim(y, h). Then, since f; is a right
adjoint T-module, from Lemma|l.8| we deduce
(f Mo =fiolheo— ) = fiogu =(f -8 o

Theorem 2.7. Let X = (X, a) be a T-category. The following assertions are equivalent.
(1) X is injective.
(i) yy: X — X has a left inverse, i.e. there exists a T-functor Supy : X — X such that Supy, - Yy =

1x.
(i) yy : X — X has a left adjoint Supy : X — X.

(iv) X is cocomplete.

Proof. ())=(ii) Follows immediately from the fact that y, : X — X is fully faithful (see Corollary

[L.I1).
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(if)=(iii) Since Supy -y, = lx by hypothesis, it is enough to show 13 < y, -Supy. Let ¢ € X and
x € TX. Then, by Corollary and Lemma[2.1] we have

Y(@) = [T yy(0),¥] < a(T (Supy - y)(x), Supx(¥)) = a(x, Supx ()
=[T yx(x)’ Yy~ Supx(l//)]] =Yy Supx(l//)(%)

(ili)=>(iv) Assume Supy 4y, and lety : X —e~Y in T-Mod. By Theorem|I.10} forally € 7Y and x € X
we have

1 o= (0, %) = [T ¥ ), y, (O = 55 - ¥ .(0,%) = gl 0 ¥ (v, %)
= (Supy)s © ¥ (1, %) = (Supy - ¥ (1), X),
hence Supy - ¢ = colim(y, 1y).

(iv)=(@) Follows from Theorem[2.3] O

Remarks 2.8. As it happens often, the proof of the theorem above gives us some further information.
Firstly, any left inverse Sup : X —s X to the Yoneda embedding Yy i X — X is actually left adjoint to
yy- learned this useful fact in the context of quantaloid-enriched categories from Isar Stubbe. Secondly,
the y-weighted colimit of 1x : X — X in a cocomplete T-category X can be calculated as Supy - ¢ .
Finally, if X is injective, then any J-functor f : A — X has not only an extension along a fully faithful
T-functor i : A — B, but even a smallest one with respect to the order on hom-sets in T-Cat.

Let f : X — Y be a function. We define f~! : V¥l — VXl to be the mate of the composite

|fleV!"!
_

1X| @ VY lYje v — v

of T-functors. Explicitly, for any ¢ € V¥ and x € TX, f‘l(lﬁ)(x) = (T f(x)). Hence, if f is a T-functor
and ¢ € ¥, then f~'(¥) =y o f, € X, so that f~! restricts to a T-functor

v —-X
Theorem 2.9. For each T-category X, X is cocomplete where Supg = y;(l.

Proof. According to Theorem we have to show y;(l yg = 13. Todo so, lety € X and ¥ € TX. Then,
by the Yoneda Lemma (Corollary [I.TT]), we have

y;}] (YW@ =y (WIT yy (%) = [T y, (%), ¥ = ¥(2),
and the assertion follows. O

Note that the Theorem above applies in particular to the discrete T-category X = (X, e5), hence VXl s
cocomplete for each set X. Clearly, if T'1 = 1, then V!l = V and therefore the T-category V is cocomplete
and hence injective in J-Cat. A different proof of this property of V can be found in [HTOS| Lemma
3.18]. Note that also in the proof of [HTOS|| the condition 7'1 = 1 is crucial.

2.3. Kan extension along Yoneda. From Theorem 2.5/ we know that each T-functor f : X — Y into
a cocomplete J-category Y has a smallest extension along y, : X — X. We will see now that this
extension is particularly nice (compare with [Kel82, Theorem 5.35]).

Theorem 2.10. Composition with y, : X — X defines an equivalence

T-Cocts(X,Y) — T-Cat(X,Y)
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of ordered sets, for each cocomplete T-category Y. That is, for each T-functor f : X — Y into a
cocomplete T-category Y, there exists a (up to equivalence) unique left adjoint T-functor fi : X — Y
such that f - yy = f; and, if f < f’, then fi < f]. Moreover, the right adjoint to fy is given by f.

Yx
X ——

X
f % l 4) E
Y

pd

Proof. Let f; : X — Y be the extension of f where (f), = f. o— (yx)«. Then, by Theorem , for
any pe TX and y € Y, we have

()0, ) = fu o= ()0, 3) = [0, £ ) = £ (0, y),

hence f; 4+ 'f.. Unicity of f; follows from Proposition Assume now f < f’. Then f] < f, and
therefore (f})« o (yy)« < f. < fi. Hence (f])+ < (f1)s thatis, fi < f]. O

The theorem above tells us that both inclusion functors T-CoctSgep < T-Catsep and T-Coctsge, —
T-Cat have a left adjoint defined by X — X which, moreover, is a 2-functor. In particular, if f : X — ¥
is a T-functor, then y, -f : X — ¥ has a left adjoint extension f : X — ¥ along Yy : X — X.

Yx
X ——
|
Y ——
Yy
Furthermore, by Theorem , the right adjoint of f is given by r(yY ), : ¥ — X. Explicitly, for each
€ ¥ and each x € TX we have

Wy W@ = (g 0 o5 10) = (g)e - TFE W) = (4o (T £, 0) = Y(T £(2),

thatis, f~' = r(_yY f),and f 4 f. Passing to the underlying ordered sets, f~! : ¥ — X corresponds to

7

> <— >

— o f,, therefore the underlying (order-preserving) map of f is given by — o f* (see Remark . Hence,
for y € X and vy € TY we have

o f =yo(f b=y -Tf Tb-my=y -Tf s

and

yo f =\ y®esvTrw),

xe€TX
where b denotes the structure on Y and s = Y;b - my.

Consider now the discrete J-category Xp = (X, e%). Then, for any T-category X, the identity map
jx : Xp — X, x — x1is a T-functor, and we obtain a left adjoint T-functor j;( : )/(1\) = VX — X Inthe
sequel we find it convenient to write Ry instead. One easily verifies that its right adjoint j)}l : X — VI
is given by the inclusion map ix : X < VI,

Corollary 2.11. For each T-category X = (X, a), the inclusion functor ix : X — VX! has a left adjoint
given by

Ry : VX X, U ¥ \/ y(m)r(x,n)|,
peTX

—_ . [¢]
where r = Z;a my.
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Corollary 2.12. For each function f : X —s Y, the left adjoint to f~' : V¥ — VXl s given by

(VRN VI A {1) — \/ (//(x)].
T f(¥)=y
For a T-functor f : X — Y, let us write temporarily fp : (X,e}) — (Y, e}) for the same map

between the discrete T-categories. Since obviously jy - fp = f - jx, we have a commutative diagram

VvIXI L V¢

Rxl lRy
X

Y
f

of J-functors. Furthermore, we have f =1 % provided that f is L-dense, i.e. fi o f* = 1}. Satisfying
(BC), the functor T : Set — Set sends surjections to surjections, and therefore each surjective T-functor
f is L-dense.

2.4. Cocomplete T-categories as Eilenberg—Moore algebras.

Proposition 2.13. Let f : X — Y be a T-functor between cocomplete T-categories. Then the following

assertions are equivalent.

(1) f is left adjoint.
(1) f is cocontinuous, that is, f preserves all weighted colimits.
(iii) We have f - Supy = Supy -f, where Supy 4 y, and Supy + y,.

X )
Supy \L \L Supy
X Y

Proof. The implication (i)=(ii) we proved already in Proposition 2.6] To see that (ii)=(iii), recall that
Supy = colim((yy ), 1x) and therefore f - Supy = colim((y)., f). With the help of Lemma@ we get

(f- Supx)* = fio— (yx)* = (y*y o(yy i) o= (yx)* = y; o((yy s o= (yx)*) = y*y Of’; = (Squ f)*

Finally, to obtain (iii)=(i), we show that f 4 Supy f‘1 - Yy In fact,

i

_

—
f

(Supy - y,)" =y of ' o Supy = Supy, o fu o Supy = f. o Supy, o Supy = f. 0y} o Supy = fo. O

Example 2.14. Recall from Subsection that, for each J-functor f : X — Y, we have an adjunction
f 4 7' in T-Cat. The underlying (order preserving) maps of f and f~! are given by —o f*and - o f
respectlvely Furthermore we have f 4 f 7-1. Since yyf = f- Yy, We obtain i, - f=7f- i/, and therefore

f‘l = f~1. 43!, Hence, by Theoremand Prop0s1t10n 3l £7! has a right adjoint f, : X — ¥
in TJ-Cat. The underlymg order-preserving map of f, we identified in Remark [I.5)as (=) o— f..

The pair of adjoint functors T-Coctse, — T-Catgp, and (/—\) : T-Catyep — T-Cocts,ep induces monad
on T-Catyp, denoted as T = (), y, ). By Theorem we have that f < g implies f < 2, so that =)
is a 2-functor. Furthermore, since obviously yy - iy = v - iy, We have ()« < (75 )« thatis, ,, < y¢. In
general, a monad & = (S,d,[) on a locally thin 2-category X is of Kock-Zoberlein type (see [Koc93]) if
S is a 2-functor and S dy < dsx, for all X € X. In fact, in [[Koc93]] it is shown that
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Theorem 2.15. LetS = (S, d, ) be a monad on a locally thin 2-category X where S is a 2-functor. Then
the following assertions are equivalent.

(1) Sdx <dsx forall X e X.
(ii) Sdx 4 lx forall X € X.
(iii) Ix 4 dsx forall X € X.
@iv) Forall X € X, a X-morphism h : S X — X is the structure morphism of a 3-algebra if and only
ifh 4 dy withh-dyx = ly.

The considerations above tell us that the monad I = ((\—), y, 1) on T-Catgep, is of Kock-Zoberlein type.
Furthermore, by Theorem [2.7]and Proposition[2.13| we have

Theorem 2.16. (‘I—Catsep)ﬂ = T-Coctsep. Hence, in particular, T-Coctsgep, is complete.
Theorem also helps us to compute the multiplication u of I: for any (L-separated) T-category X
we have 77, 4 pux and y, 4 y3', hence uy = y3'.

2.5. Example: topological spaces. We consider now T = U, = (U, 2,&2). Hence T-Cat = Top is
the category of topological spaces and continuous maps, and T-Cats, = Top, its full subcategory of
To-spaces (see also [[CHQO9, [HTOS])). Then M(X) = (UX, <) is the ordered set with

i<y & {A|Aecx)Cy,
and the topology on |X] is given by the Zariski-closure defined by
reclA: = ﬂﬂgx = ngﬂ.

In [HTO8] we observed already that the down-closure as well as the up-closure of a Zariski-closed set is
again Zariski-closed. A presheaf i € X can be identified with the Zariski-closed and down-closed subset
A= 1,0_1(1) C UX, and we consider

X ={ACUX| Ais Zariski-closed and down-closed}.
The topology on X is the compact-open topology, which has as basic open sets
BB, {0)={AcX|ANB=02), B C UX Zariski-closed.

The Yoneda map y, : X — X is given by y,(x) = {x € UX | x — x}. Forx € UX, Uy, (%) is the
ultrafilter generated by the sets

{{lala—=x}|xe A} (A ex),

and the Yoneda lemma (Corollary |1.11) states that it converges to A € X precisely if x € A.
We have maps

cDX:P(UX)—>FX,54|—>ﬂﬂ and Ty : FX — P(UX), i — {x € UX | f C ).

where P(UX) denotes the powerset of UX and FX the set of all (possibly improper) filters on X. Clearly,
we have f = @x(I1x(f)) and A C [Ix(Dx(A)) for f € FX and A € P(UX). Furthermore, A = IIx(Dx(A))
if and only if A is Zariski-closed. We let FpX denote the set of all filters on the lattice T of open sets of
a topological space X, and F1X the set of all filters on the lattice o of closed sets of X. For each filter {
on X we can consider f N7 € FoX and f N o € F1 X, and { is determined by this restriction precisely if f
has a basis of open respectively closed sets. In [HTOS|] we showed that f = (") ‘A has a basis of open sets
if and only if A is down-closed, and f has a basis of closed sets if and only if A is up-closed. Hence

X = FoX and {ACUX| Ais Zariski-closed and up-closed} = F| X,
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and the first homeomorphism we also denote as @y : X — FoX, A r— (NA) N 1. Let B(B,{0}) be a
basic open set of the topology of X. Since B(8,{0}) = B(18B,{0}), we can assume that B is up-closed.
Hence, under the bijections above, F(X) has

{feFo(X)|dA€f,Beg.ANB =0} (9 € F1(X))

as basic open sets. Clearly, it is enough to consider g = B the principal filter induced by a closed set B,
so that all sets

[feFo(X)| A ef.ANB=0})={fe Fo(X)| X\ BeF) (B C X closed)

form a basis for the topology on Fo(X). We have shown that the presheaf space X is homeomorphic to the
filter space Fo(X) considered in [Esc97]]. Furthermore, for a continuousmap f : X — ¥, f1: ¥ — X
corresponds to f‘1 FoY — FoX, g— {f‘l(B) | B € g} in the sense that the diagram

commutes. Hence, since f 4 f~! as well as Fof 4 f~', ® = (®x)y is a natural isomorphism from
@ : Topg — Topy to Fo : Topy — Top,. Since Px(y(x)) = {U € 7| x € U} is the neighborhood filter
of x € X, the monad I = ((—), y,y~!) is isomorphic to the filter monad on Top,, considered in [Esc97].

2.6. Cocomplete T-categories are algebras over Set and V-Cat,. We have seen so far that injective
separated ‘J-categories are algebras over T-Catsp. However, injective topological Ty-spaces are also
known to be the Eilenberg—Moore algebras for the filter monad on Set, see [Day75]]. We are now aiming

at a similar result for T-categories and prove that the forgetful functor
G : T-Coctsgep — Set

is monadic. Clearly, G has a left adjoint given by the composite

discrete (/\)

Set —————— T-Catyey —— T-Coctsgep.
Furthermore, we have the following elementary facts.

Lemma 2.17. Let f: X — Y and g : Y — X be T-functors with f 4 g where X, Y are L-separated.
(1) The following assertions are equivalent.
(1) f is an epimorphism in T-Catgep.
(i) f-g=1ly.
(iii) f is a split epimorphism in T-Catsep.
(2) The following assertions are equivalent.
(1) f is a monomorphism in T-Catgep.
(i) g- f = lx.
(iii) f is a split monomorphism in T-Catsep.

Proof. From f 4 g we obtain f - g- f = f. If f is an epimorphism in T-Catsp, then f - g = ly;if fisa
monomorphism in T-Catgp, then g - f = 1x. O

Corollary 2.18. G reflects isomorphisms.
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Proof. If f : X — Y in T-Coctsy, is bijective, then f is an isomorphism in T-Caty, and therefore also
in J-Coctsgep. O

In order to conclude that G is monadic, it is left to show that T-Coctsgp has and G preserves coequalis-
ers of G-equivalence relations (Duskin’s criterion; see, for instance, [MS04, Corollary 2.7]). Hence, let
71, m : R 3 X in T-Coctsep be an equivalence relation in Set, where 711 and 7 are the projection maps.
Let g : X — Q be its coequaliser in T-Cat. The following fact will be crucial in the sequel:

m ”
(1) R—=x 1 O isasplit fork in T-Catep.
m
The splitting here is given by ¢~' : 0 — X and 7T]_1 : X — R. First note that, since both ; and g are
surjective, we have § - ¢~! = 1 and 7] - 771‘1 = 1. Hence, in order to obtain (), we need to show

A~
q 'q=ﬂ'2'ﬂ'] .
Note that we have § = §- 71y - ;' = §- 73 - 7', and therefore

' 4g=q" g m ' 2m -1t
We will give a proof for at the end of this subsection, and show first how can be used to prove
monadicity of G. Observe first that, being a split fork,

NI S
R—=X—>0

2

N

“)

is a coequaliser diagram in J-Cat and J-Cats,. Hence, there is a T-functor Sup, : 0 — O with
Supy, -G = q - Supy and Sup,, - Yo = 1o. The situation is depicted below.

7rX Q
_—=X—0
| /
X ——

%<7%><7%

We conclude that Q is L-separated and cocomplete, and g : X — Q is cocontinuous. Next we show that

N

I
R—ZX—>0Q
2

N

is indeed a coequaliser diagram in T-CocCtSp. Note that
R—=X—>0

2

1‘)

is a coequaliser diagram in T-Coctsgp since (/—\) : J-Cat — T-Coctsgep is left adjoint. Leth : X — ¥
be a cocontinuous J-functor with cocomplete codomain such that - 71 = h - mp. Then there exists a
cocontinuous T-functor f : Q — Y suchthat f-§ =h- Supy. We consider now f - Yo QO — Y. Then

f‘yQ‘q=f'5I‘yx=h‘SUPx‘yx=h-
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Furthermore,
Supy-f 7 4= f - Supg g4
=f-q (Supy = pg the multiplication of the monad T)
= h - Supy
:f'yQ'CI'SuPX
:nySupQé\I’
and therefore Sup, f/?Q =f Yo- Supy, ie. f- Yo is cocontinuous.

Remark 2.19. Being cocontinuous, f - Yo is left adjoint. In fact, one can directly show f -y 04 [, where
[:Y — X is right adjoint to 4 : X — Y. To do so, let g : ¥ — O be right adjoint to f : O — Y.
Then y, -l = ¢~' - g, and therefore

§=q-yyl and [=Supy-g”'-g.
Hence, we have
f.yQ.q.l:f.é.yX.lzf.gSIY

and

q-1-f-yy=q-Supy-q~' -g-f-yy=q-Supx-g ' yy=Supy-4-q" y, = 1lo.

Finally, we prove (f). Let 7r;,7, : R =3 X be an equivalence relation in Set, and g : X — Q its
quotient. We typically write x ~ x” for (x, x’) € R. Furthermore, for x,¥" € TX we write ¥ ~ ¥ whenever
the pair (x, ¥’) belongs to the kernel relation of T'¢. Since T has (BC), we have

i~¥ = JweTR.(Tm(w) =x) & (Tm(w) = ¥).

Furthermore, we have to warn the reader that, when talking about an equivalence relation 7y, : R 3 X
in 7-Cat or T-Catsp, we always include that the canonical map R < X x X is an embedding (and not just
a monomorphism). Clearly, a sub-T-category R < X x X is an equivalence relation in T-Cat respectively
in J-Catsp if and only if it is an equivalence relation in Set.

Lemma 2.20. Let X = (X, a) be a L-separated T-category and ty,my : R =3 X be an equivalence relation
in T-Catsep. In addition, assume that my 4 szl Then, for all x,¥ € TX withx ~ ¥’ and all X' € X, there
exists x € X such that x ~ x' and a(¥’, x') < a(x, x).

Proof. Since m; is surjective, we have m - po = 1y. Let w € TR such that Tr(w) = ¥ and Ty (w) = .
Then

a(®’, x") = a(Tmy(w), x)
=a X a(w, pa(x')) (02(x") = (x, x") for some x ~ x")

=a(x,x) ANa(x',x),

hence a(¥’, x") < a(z, x). O

INote that, since R is symmetric, 7 is left adjoint precisely if 7 is so.
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Our next goal is to describe the quotient ¢ : X — Q of 71,7, : R =3 X in T-Cat. In general,
the quotient structure in T-Cat is difficult to handle, see [HofO3]] for details. The situation is much
better in T-Gph, the category of reflexive T-graphs and T-functors. Here a reflexive T-graph is a pair
embedding T-Cat — T-Gph. A surjective T-functor f : (X,a) — (¥, b) is a quotient in T-Gph if and
onlyif b = f-a-Tf° (see also [[CHO3])), and the full embedding T-Cat < T-Gph reflects quotients.
Furthermore, we call a T-functor f proper if b - Tf = f - a (see [CHO4]). One easily verifies that, if

(X, a) consisting of a set X and a J-relation a : X — X satisfying e}, < a. Clearly, we have a full

f : X — Y is a proper surjection, then f is a quotient in T-Gph, and with X also Y is a T-category.

Corollary 2.21. Consider the same situation as in the lemma above. Let g : X — Q be the quotient
of my,m : R 3 X in T-Gph. Then q is proper, and therefore Q is a T-category and q : X — Q is the
quotient of my,m : R =3 X in T-Cat.

Proof. Letxe TX andy € Q, i.e. y = g(x) for some x € X. With ¢ denoting the structure on Q, we have
c(Tq(x),y) = \/{a(x’,x') |¥ ~x, x' ~x} = \/{a(x, X)X ~x)= \/{a(x, X)X eX qgx)=y}. O
Corollary 2.22. With the same notation as above, M(q) : M(X) — M(Q) is proper.

Proof. Just observe that both diagrams

Tq
TX TQ

m;l lma

TTX —TTQ

TTq
@ai, %7&0

TX ——TQ0
Tq

are commutative: the upper one since m has (BC), the lower one since g is proper and 7, is a functor. O

We are now in the position to show (f). Let 71,7, : R =2 X in T-Coctsgep, be an equivalence relation
in Set. Note that R — X X X is left adjoint and injective, hence a split monomorphism and therefore an
embedding in T-Catp. Hence, by Corollary its quotient ¢ : X — Q in T-Cat is proper, and so is
M(q) : M(X) — M(Q) by Corollary Lety € X and x € TX. The structure on X and 0 we denote

as a and c respectively, and put r = T.a - m§ and s = Tc - m°Q We have

(" ) = gW)(TqR)
= \/ v) @ s(Tq), Tq))
¥YeTX
= \/ \/ Y(E)®@r(x, )

(¥ eTX) (x:x"~¥)

and

@-'enw=\ \/ vTm@)erxy)

(x'eTX) (w:Tmy(w)=x")
= \/ \/ Y(E") @ rx, ¥).
(FeTX) (x:x"~%")

We conclude g~ - g =7 - ﬂfl.
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Theorem 2.23. The forgetful functor G : T-CoctSsep — Set is monadic. As a consequence, T-COCtSgep
is cocomplete.

Theorem 2.24. The forgetful functor S : T-CoctSsep —> V-Catsep, is monadic.

Proof. Clearly, S has a left adjoint and reflects isomorphisms. We show that S preserves coequalisers of
S-contractible equivalence relations (see [MS04, Theorem 2.7]). Hence, let 1,75 : R = X in T-CocCtSgep
be a contractible equivalence relation in V-Catsep. Then 7y, w5 : R =3 X is also an equivalence relation in
Set, and hence its coequaliser g : X — Q in Set underlies its coequaliser ¢ : X — Q in T-Coctsep,
moreover, g : X — Q is a proper J-functor. Consequentely, the underlying V-functor ¢ : X — Q is
proper as well, and therefore a coequaliser of 71,72 : R =3 X in V-Catgep. O

2.7. Densely injective T-categories. Another well-known result in Topology is

Theorem 2.25. The algebras for the proper filter monad on Top,, are precisely the Ty-spaces which are

injective with respect to dense embeddings.
In the language of convergence, a continuous map f : X — Y is dense whenever
VyeYIxeTX.Uf(x) >y,
and we observe that U f(x) » y <= =z f. y. This suggests the following

Definition 2.26. A T-module ¢ : X —e~ Y is called inhabited if

k< /\ \/ o(x, ).

yeY xeTX

A T-functor f : X — Y is called dense if f, is inhabited.
We hasten to remark that f* is inhabited, for each T-functor f : X — Y. Hence
Proposition 2.27. Each left adjoint T-functor is dense.

By definition, ¢ : X —~ Y is inhabited if and only if k < ¢ o k, where k denotes the constant J-relation
k:T1xZ — V with value k € V, for a set Z. Consequentely, with ¢ : X -=~Y and ¢ : Y —e~Z also
¥ o @ is inhabited. Furthermore, if ¢ is inhabited and ¢ < ¢, then ¢’ is inhabited too. Note also that each
surjective J-functor is dense.

Proposition 2.28. Consider the (up to =) commutative triangle

X

i g

fi

Y——Z7
h

of T-functors. Then the following assertions hold.

(1) If h and f are dense, then so is g.
(2) If g is dense and h is fully faithful, then f is dense.
(3) If g is dense, then h is dense.

Proof. (1) is obvious since inhabited T-modules compose. To see (2), note that from £, o f, = g, follows
f. = h* o g., hence f, is inhabited and therefore f is dense. (3) can be shown in a similar way. O
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By the Yoneda Lemma (Corollary [1.11), for each ¢ € X we have

\ Guew = \/ v,

xeTX xeTX
Hence, with
X" = {y € X | ¥ is inhabited)}
and the structure being inherited from X, the restriction yy : X — X" of the Yoneda embedding is
dense. Furthermore, for a T-module ¢ : X —e~Y we have

@ is inhabited «— rcp1 : Y —> X factors through X* — X.

We call a T-category X densely injective if, for all T-functors f : A — X and fully faithful and dense
T-functors i : A — B, there exists a T-functor g : B— X such that g-i = f. A T-category X is called
inhabited-cocomplete if X has all g-weighted colimits where ¢ is inhabited. Note that, when passing
from

Ix

A *f> X to X —X,
® @o f*
B B

with ¢ also ¢ o f* is inhabited, so that it is enough to consider f = 1y in the definition of inhabited-
cocomplete. A T-functor f : X — Y is inhabited-cocontinuous if f preserves all ¢-weighted col-
imits where ¢ is inhabited. Let T-ICocts denote the category of inhabited-cocomplete T-categories
and inhabited-cocontinuous T-functors between them, and T-ICoctsse, denotes its full subcategory of
L-separated T-categories.

Lemma 2.29. For each T-category X, X" is closed under inhabited colimits in X In particular, X* is
inhabited-cocomplete.
Proof. We consider the diagram

X+ *[> X

]

Y
with ¢ : X* < X being the inclusion functor and ¢ inhabited. Its colimit in X is given by
y;(l oo Y — X

Hence, forany y € Y and x € TX,

gy o ) = @ o (T yy(0).3) 2 @ TET yy(0).3) = ¢(T yy(1).) = ¢ 0 (y)-(x. ).
where in the last two expessions we consider y, : X — X™. Since ¢ o (y,). is inhabited, the T-functor

y}‘(l “@or* 1Y —> X takes values in X* and the assertion follows. m]

From the observations made so far it is now clear that we have the same series of results for densely
injective and inhabited-cocomplete T-categories as we proved for injective and cocomplete J-categories.

Theorem 2.30. Let X be T-category.

(1) Each y € X* is an inhabited colimit of representables.
(2) The following assertions are equivalent.

(1) X is densely injective.
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(i) yy : X — X" has a left inverse Supy : X* — X.
(iii) yy : X — X* has a left adjoint Supy, : X* — X.
(iv) X is inhabited-cocomplete.

(3) Composition with y,, : X — X defines an equivalence

T-ICocts(X*,Y) — T-Cat(X, Y)
of ordered sets, for each inhabited-cocomplete T-category Y.

We have just seen that the inclusion functor T-ICoctss,, < T-Caty, has a left adjoint ()" :
T-Catyep, — T-ICocCtSp. In fact, since for each T-functor f : X — Y and each ¢y € X* we have
f@) € Y*, the T-functor f* : X* — Y* is just the restriction of f to X* and Y*. With a similar proof

as for Proposition [2.13|one shows

Proposition 2.31. Let f : X — Y be a T-functor between inhabited-cocomplete T-categories. Then the

following assertions are equivalent.

(1) f is inhabited-cocontinuous.
(i) We have f - Supy = Supy, -f.

Xt ——7t

Supy i = i Supy

X—Y

The induced monad on T-Cat,., we denote as I* = ((—)*, y, ). With the same arguments used in
one verifies that T* is of Kock-Zdberlein type. We conclude

Theorem 2.32. T-ICoctsye, = (T-Catyep)! .

Finally, we consider a T-functor f : X — Y. Then f : X — ¥ has a right adjoint f~' : ¥ — X
given by f~1(¥) = ¢ o f.. Clearly, if f is dense, then f~! can be restricted to f~' : Y* — X* and we
have f* 4 f~'. In particular, g} : X* — X** is left adjoint to ;' : X** — X*, which tells us that the

multiplication uy of I'" is also given by y;(l.

Proposition 2.33. The following are equivalent for a T-functor f : X — Y.

(1) f is dense.
(i) f* is left adjoint.
(iii) f* is dense.
If f is a inhabited-cocontinuous T-functor between inhabited cocomplete T-categories, then any of the

conditions above is equivalent to
@iv) f is left adjoint.

Proof. The implication (i)=(ii) we proved above, (ii)=(iii) and (iv)=(i) follow from Proposition [2.27]
and (iii)=(i) from Proposition Finally, (ii)=(iv) can be shown as (iii)=(i) of Proposition O

Finally, thanks to the considerations made above, also

a7 T
R* —< Xt —— Q07
+

()

is a split fork in T-Catgep,. Consequentely, with the same proof as in we conclude that the forgetful
functor T-ICoctsge, — Set is monadic.
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Remark 2.34. The results of this subsection suggest that in the future one should consider cocompleteness

with respect to a class @ of T-modules in a similar ways as it is known for enriched categories, see for

instance [KL0O, [KSO5]. This will be the topic of a forthcoming paper.

Acknowledgment. 1 would like to thank the referee for her/his valuable critics and suggestions, which

led to a substantial improvement of the paper.

[AHS90]

[Bar70]

[BCSWS3]

[Bén63]

[Bén65]

[Bur71]

[BVBRIS]

[CHO3]

[CHO4]

[CHO9]

[CHTO04]

[CTO3]

[Day75]
[EK66]

[Esc97]

[FK97]

[Hof05]

[Hof07]
[HTO8]

[Kel82]

[KLO0O0]

[Koc95]
[KSO05]

[Law73]

[Low97]

REFERENCES

Jitff Adamek, Horst Herrlich, and George E. Strecker. Abstract and concrete categories. Pure and Applied Mathe-
matics (New York). John Wiley & Sons Inc., New York, 1990. The joy of cats, A Wiley-Interscience Publication.
Michael Barr. Relational algebras. In Reports of the Midwest Category Seminar, 1V, pages 39-55. Lecture Notes in
Mathematics, Vol. 137. Springer, Berlin, 1970.

Renato Betti, Aurelio Carboni, Ross Street, and Robert Walters. Variation through enrichment. J. Pure Appl. Alge-
bra, 29(2):109-127, 1983.

Jean Bénabou. Catégories avec multiplication. C. R. Acad. Sci. Paris, 256:1887-1890, 1963.

Jean Bénabou. Catégories relatives. C. R. Acad. Sci. Paris, 260:3824-3827, 1965.

Albert Burroni. T-catégories (catégories dans un triple). Cahiers Topologie Géom. Différentielle, 12:215-321,
1971.

M. M. Bonsangue, F. van Breugel, and J. J. M. M. Rutten. Generalized metric spaces: completion, topology, and
powerdomains via the Yoneda embedding. Theoret. Comput. Sci., 193(1-2):1-51, 1998.

Maria Manuel Clementino and Dirk Hofmann. Topological features of lax algebras. Appl. Categ. Structures,
11(3):267-286, 2003.

Maria Manuel Clementino and Dirk Hofmann. Effective descent morphisms in categories of lax algebras. Appl.
Categ. Structures, 12(5-6):413—-425, 2004.

Maria Manuel Clementino and Dirk Hofmann. Lawvere completeness in Topology. Appl. Categ. Structures,
17:175-210, 2009, arXiv:math.CT/0704.3976.

Maria Manuel Clementino, Dirk Hofmann, and Walter Tholen. One setting for all: metric, topology, uniformity,
approach structure. Appl. Categ. Structures, 12(2):127-154, 2004.

Maria Manuel Clementino and Walter Tholen. Metric, topology and multicategory—a common approach. J. Pure
Appl. Algebra, 179(1-2):13-47, 2003.

Alan Day. Filter monads, continuous lattices and closure systems. Canad. J. Math., 27:50-59, 1975.

Samuel Eilenberg and G. Max Kelly. Closed categories. In Proc. Conf. Categorical Algebra (La Jolla, Calif., 1965),
pages 421-562. Springer, New York, 1966.

Martin Hotzel Escardd. Injective spaces via the filter monad. In Proceedings of the 12th Summer Conference on
General Topology and its Applications (North Bay, ON, 1997), volume 22, pages 97-100, 1997.

Bob Flagg and Ralph Kopperman. Continuity spaces: reconciling domains and metric spaces. Theoret. Comput.
Sci., 177(1):111-138, 1997. Mathematical foundations of programming semantics (Manhattan, KS, 1994).

Dirk Hofmann. An algebraic description of regular epimorphisms in topology. J. Pure Appl. Algebra, 199(1-3):71—
86, 2005.

Dirk Hofmann. Topological theories and closed objects. Adv. Math., 215(2):789-824, 2007.

Dirk Hofmann and Walter Tholen. Lawvere completion and separation via closure. Accepted for publication in
Appl. Categ. Structures, 2008, arXiv:math.CT/0801.0199.

Gregory Maxwell Kelly. Basic concepts of enriched category theory, volume 64 of London Mathematical Society
Lecture Note Series. Cambridge University Press, Cambridge, 1982.

Gregory Maxwell Kelly and Stephen Lack. On the monadicity of categories with chosen colimits. Theory Appl.
Categ., T:No. 7, 148-170, 2000.

Anders Kock. Monads for which structures are adjoint to units. J. Pure Appl. Algebra, 104(1):41-59, 1995.
Gregory Maxwell Kelly and Vincent Schmitt. Notes on enriched categories with colimits of some class. Theory
Appl. Categ., 14:No. 17, 399-423, 2005.

F. William Lawvere. Metric spaces, generalized logic, and closed categories. Rend. Sem. Mat. Fis. Milano, 43:135—
166 (1974), 1973. Also in: Repr. Theory Appl. Categ. 1:1-37, 2002.

Robert Lowen. Approach spaces. Oxford Mathematical Monographs. The Clarendon Press Oxford University
Press, New York, 1997. The missing link in the topology-uniformity-metric triad, Oxford Science Publications.



[MS04]

[PTO4]

[Sco72]

[Wag94]

[Was02]

[Woo04]

INJECTIVE SPACES VIA ADJUNCTION 25

John MacDonald and Manuela Sobral. Aspects of monads. In Categorical foundations, volume 97 of Encyclopedia
Math. Appl., pages 213-268. Cambridge Univ. Press, Cambridge, 2004.

Maria Cristina Pedicchio and Walter Tholen, editors. Categorical foundations, volume 97 of Encyclopedia of
Mathematics and its Applications. Cambridge University Press, Cambridge, 2004. Special topics in order, topology,
algebra, and sheaf theory.

Dana Scott. Continuous lattices. In Toposes, algebraic geometry and logic (Conf., Dalhousie Univ., Halifax, N. S.,
1971), pages 97-136. Lecture Notes in Math., Vol. 274. Springer, Berlin, 1972.

Kim Ritter Wagner. Solving Recursive Domain Equations with Enriched Categories. PhD thesis, Carnegie Mellon
University, 1994.

Pawel Waszkiewicz. Quantitative Continuous Domains. PhD thesis, School of Computer Science, The University
of Birmingham, Edgbaston, Birmingham B15 2TT, May 2002.

R.J. Wood. Ordered sets via adjunction. In Categorical foundations, volume 97 of Encyclopedia Math. Appl., pages
5-47. Cambridge Univ. Press, Cambridge, 2004.

DEPARTAMENTO DE MATEMATICA, UNIVERSIDADE DE AVEIRO, 3810-193 AVEIRO, PORTUGAL

E-mail address: dirk@ua.pt



	Introduction
	1. The Setting
	1.1. Topological theories
	1.2. V-relations
	1.3. T-relations
	1.4. T-categories
	1.5. T-modules

	2. Cocomplete T-categories
	2.1. T-Cat as an ordered category
	2.2. Cocomplete T-categories
	2.3. Kan extension along Yoneda
	2.4. Cocomplete T-categories as Eilenberg–Moore algebras
	2.5. Example: topological spaces
	2.6. Cocomplete T-categories are algebras over Set and V-Catsep
	2.7. Densely injective T-categories
	Acknowledgment

	References

