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Buon compleano e tanti auguri!



Disclaimer

The following program contains ultrafilters, modules, presheafs and
incorrect english. Viewer discretion is advised.



The motivating example (Rosebrugh and Wood, 1994; Raney, 1952):

kar(Rel)op ∼= CCDsup

X X e · e = e

E r · s = 1E

r : (X , e)−→7 (X ′, e ′) in kar(Rel) if
r · e = r = e ′ · r . Then

(X , e ′) �e // (X , e ′)

(X , e)

Rel //

P
��

kar(Rel)

@: X−→7 X

C

PX → E → PX

E = {ψ : X−→7 1 | ψ· @= ψ}

For X in Ord:

≤: X op × X → 2 is monotone,

which gives yX : X → 2Xop
.

X is cocomplete iff SupX a yX .

X is (cd) iff tX a SupX a yX .

Example: X = PY where

yX (B) = ↓{B},
SupX =

⋃
,

tX (B) = ↓{{y} | y ∈ B}.

For X (cd), tX : X → 2Xop
gives

�: X−→7 X idempotent, hence
(X ,�) is in kar(Rel).



The motivating example (Rosebrugh and Wood, 1994; Raney, 1952):

kar(Rel)op ∼= CCDsup

X X e · e = e

E r · s = 1E

r : (X , e)−→7 (X ′, e ′) in kar(Rel) if
r · e = r = e ′ · r . Then

(X , e ′) �e // (X , e ′)

(X , e)

Rel //

P
��

kar(Rel)

@: X−→7 X

C

PX → E → PX

E = {ψ : X−→7 1 | ψ· @= ψ}

For X in Ord:

≤: X op × X → 2 is monotone,

which gives yX : X → 2Xop
.

X is cocomplete iff SupX a yX .

X is (cd) iff tX a SupX a yX .

Example: X = PY where

yX (B) = ↓{B},
SupX =

⋃
,

tX (B) = ↓{{y} | y ∈ B}.

For X (cd), tX : X → 2Xop
gives

�: X−→7 X idempotent, hence
(X ,�) is in kar(Rel).



The motivating example (Rosebrugh and Wood, 1994; Raney, 1952):

kar(Rel)op ∼= CCDsup

X X e · e = e

E r · s = 1E

r : (X , e)−→7 (X ′, e ′) in kar(Rel) if
r · e = r = e ′ · r . Then

(X , e ′) �e // (X , e ′)

(X , e)

Rel //

P
��

kar(Rel)

@: X−→7 X

C

PX → E → PX

E = {ψ : X−→7 1 | ψ· @= ψ}

For X in Ord:

≤: X op × X → 2 is monotone,

which gives yX : X → 2Xop
.

X is cocomplete iff SupX a yX .

X is (cd) iff tX a SupX a yX .

Example: X = PY where

yX (B) = ↓{B},
SupX =

⋃
,

tX (B) = ↓{{y} | y ∈ B}.

For X (cd), tX : X → 2Xop
gives

�: X−→7 X idempotent, hence
(X ,�) is in kar(Rel).



The motivating example (Rosebrugh and Wood, 1994; Raney, 1952):

kar(Rel)op ∼= CCDsup

X X e · e = e

E r · s = 1E

r : (X , e)−→7 (X ′, e ′) in kar(Rel) if
r · e = r = e ′ · r . Then

(X , e ′) �e // (X , e ′)

(X , e)

Rel //

P
��

kar(Rel)

@: X−→7 X

C

PX → E → PX

E = {ψ : X−→7 1 | ψ· @= ψ}

For X in Ord:

≤: X op × X → 2 is monotone,

which gives yX : X → 2Xop
.

X is cocomplete iff SupX a yX .

X is (cd) iff tX a SupX a yX .

Example: X = PY where

yX (B) = ↓{B},
SupX =

⋃
,

tX (B) = ↓{{y} | y ∈ B}.

For X (cd), tX : X → 2Xop
gives

�: X−→7 X idempotent, hence
(X ,�) is in kar(Rel).



The motivating example (Rosebrugh and Wood, 1994; Raney, 1952):

kar(Rel)op ∼= CCDsup

X X e · e = e

E r · s = 1E

r : (X , e)−→7 (X ′, e ′) in kar(Rel) if
r · e = r = e ′ · r . Then

(X , e ′) �e // (X , e ′)

(X , e)

Rel //

P
��

kar(Rel)

@: X−→7 X

C

PX → E → PX

E = {ψ : X−→7 1 | ψ· @= ψ}

For X in Ord:

≤: X op × X → 2 is monotone,

which gives yX : X → 2Xop
.

X is cocomplete iff SupX a yX .

X is (cd) iff tX a SupX a yX .

Example: X = PY where

yX (B) = ↓{B},
SupX =

⋃
,

tX (B) = ↓{{y} | y ∈ B}.

For X (cd), tX : X → 2Xop
gives

�: X−→7 X idempotent, hence
(X ,�) is in kar(Rel).



The motivating example (Rosebrugh and Wood, 1994; Raney, 1952):

kar(Rel)op ∼= CCDsup

X X e · e = e

E r · s = 1E

r : (X , e)−→7 (X ′, e ′) in kar(Rel) if
r · e = r = e ′ · r . Then

(X , e ′) �e // (X , e ′)

(X , e)

Rel //

P
��

kar(Rel)

@: X−→7 X

C

PX → E → PX

E = {ψ : X−→7 1 | ψ· @= ψ}

For X in Ord:

≤: X op × X → 2 is monotone,

which gives yX : X → 2Xop
.

X is cocomplete iff SupX a yX .

X is (cd) iff tX a SupX a yX .

Example: X = PY where

yX (B) = ↓{B},
SupX =

⋃
,

tX (B) = ↓{{y} | y ∈ B}.

For X (cd), tX : X → 2Xop
gives

�: X−→7 X idempotent, hence
(X ,�) is in kar(Rel).



The motivating example (Rosebrugh and Wood, 1994; Raney, 1952):

kar(Rel)op ∼= CCDsup

X
e // X e · e = e

E r · s = 1E

r : (X , e)−→7 (X ′, e ′) in kar(Rel) if
r · e = r = e ′ · r . Then

(X , e ′) �e // (X , e ′)

(X , e)

Rel //

P
��

kar(Rel)

@: X−→7 X

C

PX → E → PX

E = {ψ : X−→7 1 | ψ· @= ψ}

For X in Ord:

≤: X op × X → 2 is monotone,

which gives yX : X → 2Xop
.

X is cocomplete iff SupX a yX .

X is (cd) iff tX a SupX a yX .

Example: X = PY where

yX (B) = ↓{B},
SupX =

⋃
,

tX (B) = ↓{{y} | y ∈ B}.

For X (cd), tX : X → 2Xop
gives

�: X−→7 X idempotent, hence
(X ,�) is in kar(Rel).



The motivating example (Rosebrugh and Wood, 1994; Raney, 1952):

kar(Rel)op ∼= CCDsup

X
e //

r �� ��

X e · e = e

E
?? s

??

r · s = 1E

r : (X , e)−→7 (X ′, e ′) in kar(Rel) if
r · e = r = e ′ · r . Then

(X , e ′) �e // (X , e ′)

(X , e)

Rel //

P
��

kar(Rel)

@: X−→7 X

C

PX → E → PX

E = {ψ : X−→7 1 | ψ· @= ψ}

For X in Ord:

≤: X op × X → 2 is monotone,

which gives yX : X → 2Xop
.

X is cocomplete iff SupX a yX .

X is (cd) iff tX a SupX a yX .

Example: X = PY where

yX (B) = ↓{B},
SupX =

⋃
,

tX (B) = ↓{{y} | y ∈ B}.

For X (cd), tX : X → 2Xop
gives

�: X−→7 X idempotent, hence
(X ,�) is in kar(Rel).



The motivating example (Rosebrugh and Wood, 1994; Raney, 1952):

kar(Rel)op ∼= CCDsup

X
e //

r �� ��

X
1 //

e
// X e · e = e

E
?? s

??

r · s = 1E

r : (X , e)−→7 (X ′, e ′) in kar(Rel) if
r · e = r = e ′ · r . Then

(X , e ′) �e // (X , e ′)

(X , e)

Rel //

P
��

kar(Rel)

@: X−→7 X

C

PX → E → PX

E = {ψ : X−→7 1 | ψ· @= ψ}

For X in Ord:

≤: X op × X → 2 is monotone,

which gives yX : X → 2Xop
.

X is cocomplete iff SupX a yX .

X is (cd) iff tX a SupX a yX .

Example: X = PY where

yX (B) = ↓{B},
SupX =

⋃
,

tX (B) = ↓{{y} | y ∈ B}.

For X (cd), tX : X → 2Xop
gives

�: X−→7 X idempotent, hence
(X ,�) is in kar(Rel).



The motivating example (Rosebrugh and Wood, 1994; Raney, 1952):

kar(Rel)op ∼= CCDsup

X
e //

r �� ��

X e · e = e

E
?? s

??

r · s = 1E

r : (X , e)−→7 (X ′, e ′) in kar(Rel) if
r · e = r = e ′ · r .

Then

(X , e ′) �e // (X , e ′)

(X , e)

Rel //

P
��

kar(Rel)

@: X−→7 X

C

PX → E → PX

E = {ψ : X−→7 1 | ψ· @= ψ}

For X in Ord:

≤: X op × X → 2 is monotone,

which gives yX : X → 2Xop
.

X is cocomplete iff SupX a yX .

X is (cd) iff tX a SupX a yX .

Example: X = PY where

yX (B) = ↓{B},
SupX =

⋃
,

tX (B) = ↓{{y} | y ∈ B}.

For X (cd), tX : X → 2Xop
gives

�: X−→7 X idempotent, hence
(X ,�) is in kar(Rel).



The motivating example (Rosebrugh and Wood, 1994; Raney, 1952):

kar(Rel)op ∼= CCDsup

X
e //

r �� ��

X e · e = e

E
?? s

??

r · s = 1E

r : (X , e)−→7 (X ′, e ′) in kar(Rel) if
r · e = r = e ′ · r . Then

(X , e ′) �e // (X , e ′)

(X , e)

Rel //

P
��

kar(Rel)

@: X−→7 X

C

PX → E → PX

E = {ψ : X−→7 1 | ψ· @= ψ}

For X in Ord:

≤: X op × X → 2 is monotone,

which gives yX : X → 2Xop
.

X is cocomplete iff SupX a yX .

X is (cd) iff tX a SupX a yX .

Example: X = PY where

yX (B) = ↓{B},
SupX =

⋃
,

tX (B) = ↓{{y} | y ∈ B}.

For X (cd), tX : X → 2Xop
gives

�: X−→7 X idempotent, hence
(X ,�) is in kar(Rel).



The motivating example (Rosebrugh and Wood, 1994; Raney, 1952):

kar(Rel)op ∼= CCDsup

X
e //

r �� ��

X e · e = e

E
?? s

??

r · s = 1E

r : (X , e)−→7 (X ′, e ′) in kar(Rel) if
r · e = r = e ′ · r . Then

(X , e ′) �e //


MM
e &&MM

(X , e ′)

(X , e)

1qq e
88qq

Rel //

P
��

kar(Rel)

@: X−→7 X

C

PX → E → PX

E = {ψ : X−→7 1 | ψ· @= ψ}

For X in Ord:

≤: X op × X → 2 is monotone,

which gives yX : X → 2Xop
.

X is cocomplete iff SupX a yX .

X is (cd) iff tX a SupX a yX .

Example: X = PY where

yX (B) = ↓{B},
SupX =

⋃
,

tX (B) = ↓{{y} | y ∈ B}.

For X (cd), tX : X → 2Xop
gives

�: X−→7 X idempotent, hence
(X ,�) is in kar(Rel).



The motivating example (Rosebrugh and Wood, 1994; Raney, 1952):

kar(Rel)op ∼= CCDsup

X
e //

r �� ��

X e · e = e

E
?? s

??

r · s = 1E

r : (X , e)−→7 (X ′, e ′) in kar(Rel) if
r · e = r = e ′ · r . Then

(X , e ′) �e //


MM
e &&MM

(X , e ′)

(X , e)

1qq e
88qq

Rel //

P
��

kar(Rel)

@: X−→7 X

C

PX → E → PX

E = {ψ : X−→7 1 | ψ· @= ψ}

For X in Ord:

≤: X op × X → 2 is monotone,

which gives yX : X → 2Xop
.

X is cocomplete iff SupX a yX .

X is (cd) iff tX a SupX a yX .

Example: X = PY where

yX (B) = ↓{B},
SupX =

⋃
,

tX (B) = ↓{{y} | y ∈ B}.

For X (cd), tX : X → 2Xop
gives

�: X−→7 X idempotent, hence
(X ,�) is in kar(Rel).



The motivating example (Rosebrugh and Wood, 1994; Raney, 1952):

kar(Rel)op ∼= CCDsup

X
e //

r �� ��

X e · e = e

E
?? s

??

r · s = 1E

r : (X , e)−→7 (X ′, e ′) in kar(Rel) if
r · e = r = e ′ · r . Then

(X , e ′) �e //


MM
e &&MM

(X , e ′)

(X , e)

1qq e
88qq

Rel //

P
��

kar(Rel)

~~

@: X−→7 X_

��
C PX → E → PX

E = {ψ : X−→7 1 | ψ· @= ψ}

For X in Ord:

≤: X op × X → 2 is monotone,

which gives yX : X → 2Xop
.

X is cocomplete iff SupX a yX .

X is (cd) iff tX a SupX a yX .

Example: X = PY where

yX (B) = ↓{B},
SupX =

⋃
,

tX (B) = ↓{{y} | y ∈ B}.

For X (cd), tX : X → 2Xop
gives

�: X−→7 X idempotent, hence
(X ,�) is in kar(Rel).



The motivating example (Rosebrugh and Wood, 1994; Raney, 1952):

kar(Rel)op ∼= CCDsup

X
e //

r �� ��

X e · e = e

E
?? s

??

r · s = 1E

r : (X , e)−→7 (X ′, e ′) in kar(Rel) if
r · e = r = e ′ · r . Then

(X , e ′) �e //


MM
e &&MM

(X , e ′)

(X , e)

1qq e
88qq

Rel //

P
��

kar(Rel)

~~

@: X−→7 X_

��
C PX → E → PX

E = {ψ : X−→7 1 | ψ· @= ψ}

For X in Ord:

≤: X op × X → 2 is monotone,

which gives yX : X → 2Xop
.

X is cocomplete iff SupX a yX .

X is (cd) iff tX a SupX a yX .

Example: X = PY where

yX (B) = ↓{B},
SupX =

⋃
,

tX (B) = ↓{{y} | y ∈ B}.

For X (cd), tX : X → 2Xop
gives

�: X−→7 X idempotent, hence
(X ,�) is in kar(Rel).



The motivating example (Rosebrugh and Wood, 1994; Raney, 1952):

kar(Rel)op ∼= CCDsup

X
e //

r �� ��

X e · e = e

E
?? s

??

r · s = 1E

r : (X , e)−→7 (X ′, e ′) in kar(Rel) if
r · e = r = e ′ · r . Then

(X , e ′) �e //


MM
e &&MM

(X , e ′)

(X , e)

1qq e
88qq

Rel //

P
��

kar(Rel)

~~

@: X−→7 X_

��
C PX → E → PX

E = {ψ : X−→7 1 | ψ· @= ψ}

For X in Ord:

≤: X op × X → 2 is monotone,

which gives yX : X → 2Xop
.

X is cocomplete iff SupX a yX .

X is (cd) iff tX a SupX a yX .

Example: X = PY where

yX (B) = ↓{B},
SupX =

⋃
,

tX (B) = ↓{{y} | y ∈ B}.

For X (cd), tX : X → 2Xop
gives

�: X−→7 X idempotent, hence
(X ,�) is in kar(Rel).



Hence one has:

kar(Rel)
//∼= CCDop

supoo

Rel

OO

// ??

OO

Set ∼= LAdj(Rel) RAdj(CABoolsup)op ∼= CABoolop

*) All X in CCDsup with (X ,�) ∼= (A, 1A) in kar(Rel), which is
equivalent to

A = {a ∈ X | a� a} ⊆ X is discrete (A = Equaliser(yX , tX )),

x ∼=
∨
{a ∈ A | a ≤ x}, for each x ∈ X .
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One also has:
kar(Mod)op ∼= CCDsup

For X ,Y in Ord, a module ϕ : X−→◦ Y is a relation ϕ : X−→7 Y where

ϕ : X op × Y → 2 is monotone, or

(x ≤ x ′& x ′ ϕ y ′& y ′ ≤ y) ⇒ x ϕ y , or

(≤Y ·ϕ· ≤X ) = ϕ, or

ϕ· ≤X = ϕ and ≤Y ·ϕ = ϕ.

Note: ϕ : X−→◦ Y corresponds to pϕq : Y → 2Xop
.

Rel ↪→Mod ↪→ kar(Rel), hence kar(Mod) ∼= kar(Rel).

kar(Mod)
//∼= CCDop

supoo

Mod Talop
sup

Ord ∼= map(Mod) Talop
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For a monotone map f : X → Y :

f∗ a f ∗ where

{
f∗ : X−→◦ Y , x f∗ y if f (x) ≤ y ,

f ∗ : Y−→◦ X , y f ∗ x if y ≤ f (x).

For ϕ : X−→◦ Y one has PY → PX , ψ 7→ ψ · ϕ which is the mate of

(yY )∗ · ϕ : X−→◦ PY

and has a right adjoint PX → PY induced by

pϕq∗ : Y −⇀◦ PX .

P = (P, y ,m) is the down-set monad on Ord where yX (x) = x∗ and
mX (Ψ) = .
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From Ord to Met: substitute 2 by [0,∞], & by +, true by 0, x ⇒ y
sometimes by x > y and sometimes by y − x (truncated minus), ∃ by
inf, ∀ by sup, and so on.

Metric space: set X with a : X × X → [∞, 0] s.t.

0 > a(x , x), a(x , y) + a(y , z) > a(x , z).

In X : x ≤ y if 0 > d(x , y)

A module ϕ : X−→◦ Y between metric spaces X = (X , a) and
Y = (Y , b) can be seen as either

a contraction map ϕ : X op ⊗ Y → [0,∞], or
a contraction map pϕq : Y → PX := [0,∞]X

op
, or

a numerical relation ϕ : X−→7 Y satisfying ϕ · a = ϕ and b · ϕ = ϕ.

As before:

each contraction map f : X → Y induces modules f∗ a f ∗ where
f∗(x , y) = b(f (x), y) and f ∗(y , x) = b(y , f (x)),
a : X−→◦ X induces y

X
: X → PX , x 7→ x∗,

P is part of a monad with multiplication mX (Ψ) = Ψ · (y
X

)∗.
a metric space is cocomplete if SupX a y

X
,

a metric space is (cd) if tX a SupX a y
X

.
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Again, one has:
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//∼= CDMetop
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Lawvere, 1973: For a metric space X , TFAE:

(i) X is Cauchy complete.

(ii) Every left adjoint module ϕ : Y−→◦ X is of the form ϕ = f∗.

(iii) Every left adjoint module ϕ : 1−→◦ X is of the form ϕ = x∗.

(iv) Every right adjoint module ψ : X−→◦ 1 has a supremum x ∼= SupX ψ.

(v) yX : X → {ψ : X−→◦ 1 right adjoint} has a left adjoint.

(vi) yX : X → X̃ is an equivalence.
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Theorem (Rosebrugh and Wood, 2004)

Let T be a monad on C Cauchy-complete. Then

kar(CT) ∼= Spl(CT).

R. Rosebrugh and R.J. Wood.
Split structures.
Theory Appl. Categ. 13 (2004), 172–183.

For P the power-set monad on Set resp. the down-set monad on Ord

Relop ∼= SetP, Modop ∼= OrdP, Sup ∼= SetP ∼= OrdP.
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Topological and approach spaces are categories. . .

Topological space: set X with →: UX × X → 2 s.t.

(
�
x → x), (X→ x & x→ x)⇒ mX (X)→ x

Approach space: set X with λ : UX × X → [0,∞] s.t.

0 > λ(
�
x , x), Uλ(X, x) + λ(x, x) > λ(mX (X), x)

Both axioms read as (where a : UX−→7 X )

X
eX //

1X

v

!!CCCCCCCC UX

_a

��
X

UUX
mX //

_Ua
��

UX

_a

��
UX

v

�
a

// X

1X v a · eX a · Ua v a ·mX

e◦X v a = a ◦ a

where v stands either for ⊆ or >.

X = (X , a) has an underlying order/metric a · eX ,

and
Top/App→ Ord/Met has a left adjoint (X , a0) 7→ (X , e◦X · Ua0).
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The dual space:

The ultrafilter monad U on Set extends to Ord via
(X ,≤) 7→ (UX ,U≤), and to Met via (X , d) 7→ (UX ,Ud).

OrdU ∼= OrdCH and MetU = MetCH.

One has canonical forgetful functors

K : OrdCH→ Top

K : MetCH→ App

}
(X , a0, α) 7→ (X , a0 · α)

Both forgetful functors have a left adjoint

M : Top→ OrdCH

M : App→MetCH

}
(X , a) 7→ (UX ,Ua ·m◦X ,mX )

We define now (−)op : Top→ Top and (−)op : App→ App by

Top

M
��

// Top

OrdCH
(−)op

// OrdCH

K

OO and App

M
��

// App

MetCH
(−)op

// MetCH

K

OO
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Modules:

For topological/approach spaces X = (X , a) and Y = (Y , b), a
U-module ϕ : X −⇀◦ Y is a U-relation ϕ : X −⇀7 Y so that

X op × Y → 2 resp. X op ⊗ Y → [0,∞]

is continuous/contractive.

U-modules correspond to continuous/contractive maps
pϕq : Y → PX , where PX := 2Xop

resp. PX := [0,∞]X
op

.

ϕ : X −⇀7 Y is a U-module if and only if b ◦ ϕ = ϕ and ϕ ◦ a = ϕ.

a : X op × X → 2 / a : X op ⊗ X → [0,∞] is cont(inuous/ractive)

which gives yX : X → PX .

mX : PPX → PX , Ψ : PX −⇀◦ 1 7→ Ψ ◦ (yX )∗ makes P part of a
monad P = (P, y ,m) on Top/App.

For f : X → Y in Top/App we get f∗ a f ∗ in U-Mod, and
Pf : PX → PY , ψ 7→ ψ ◦ f ∗ as the mate of yX ◦f

∗ : Y −⇀◦ PX with

right adjoint induced by pf ∗q∗ : X −⇀◦ PY .
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Here:

X = (X , θ) 7→ SX := {ψ ∈ PX | ψ ◦ θ = ψ}

L = (L,SupL, tL) 7→ (L,�) where p�q= tL.

f : M → L 7→ f # : L−⇀◦ M where f # =�M ◦f ∗◦ �L.

More general, for (X ,�), (Y ,�) in kar(U-Mod), f : X → Y cont.
one has

f+ =� ◦f∗◦ �: X −⇀◦ Y ,

f + =� ◦f ∗◦ �: Y −⇀◦ X

in kar(U-Mod), and f+ a f + if f preserves �.

For (X ,�) in kar(U-Mod), ↓:= p�q: X → SX is �-preserving,
and

↓+ ◦ ↓+=� and ↓+ ◦ ↓+=b

For L (cd): Sup : S(X ,�)→ X is iso.

L is algebraic if (L,�) ∼= (A, 1A)
⇐⇒ Sup : PA→ L is iso (where A=Eq(yL, tL)).

If ϕ : Y −⇀◦ X and ψ : X −⇀◦ Y with 1Y = ψ ◦ ϕ and ϕ ◦ ψ =�,
then ϕ a ψ in U-Mod. Hence ϕ = j∗ for some j : Y → X which
equalises yX , tX . Then i∗ : A−⇀◦ X is also iso in kar(U-Mod).
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What does this mean?

ϕ : 1−⇀◦ X ∼= ϕ : X → 2/[0,∞] (∼= A ⊆ X closed).

X is Cauchy complete iff X is (weakly) sober.

For X = (X , a) in Top, the order UX
m◦

X−−→7 UUX
Ua−→7 UX is described

by
x ≤ y whenever A ∈ y for every A ∈ x.

For X = (X , a) in App, the metric UX
m◦

X−−→7 UUX
Ua−→7 UX gives

dist(x, y) = inf{ε | ∀A ∈ x .A
(ε) ∈ y}.

ψ : X op → 2 continuous ∼= A ⊆ UX closed
∼= A ⊆ UX Zariski and down-closed
∼= filter on OX .

cocomplete space = continuous lattice/ “continuous metric space”.

totally algebraic space ∼= spatial (approach) frame.
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What about CDTop?

One has (recall PX ∼= FOX )

X is (cd) iff X is the filter space of some frame.

F : Frm→ CDTop, L 7→ {filters on L},
Pt : CDTop→ Frm, X 7→

which gives Frm ∼= CDTop, hence CDTop is monadic over Set.

More general: Frmfinf
∼= CDTopr.a.. Hence

Frmop ∼= map(kar(U-Rel)) ∼= map(kar(SetF))

Frmop ∼= map(kar(U-Mod)) ∼= map(kar(TopF)).

Let Inf be the category with

objects: (X , θ) where θ ◦ θ = θ,

morphisms: continuous maps.

One has:
Inf → map(kar(U-Rel))

f 7→ f+

and map(kar(U-Rel))(Y ,X ) ∼= Inf(Y ,S(X , θ)).
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What about (T,V)-(co)frames?

= V-category +. . . with all infima, (co)tensors, and T-suprema.

Then:
T-Frm(VX ,V) ∼= T-Modr.a.(X , 1).

For T = U, ϕ : VX → V preserving infima and (co)tensors:

ϕ preserves U-suprema ⇐⇒ ϕ preserves finite suprema.
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Let Φ-Mod be a (non-full) subcategory of U-Mod with

f ∗ ∈ Φ-Mod, for every f in Top/App,

For all ϕ : X −⇀◦ Y : (∀y ∈ Y . y∗ ◦ ϕ ∈ Φ(X ))⇒ ϕ ∈ Φ(Y ).

Then one has

, ψ 7→ ψ ◦ f ∗,

, x 7→ x∗,

, Ψ 7→ ψ ◦ (y X )∗.

giving us a monad on Top/App. Then

Φ-algebra = injective space wrt. Φ-dense embeddings. (Here f is
Φ-dense whenever f∗ ∈ Φ-Mod.)

Φ-Modop ∼= TopΦ/AppΦ.

kar(Φ-Mod)
//∼= Φ-CDTopop

sup/Φ-CDAppop
supoo

Φ-Mod

OO

// Φ-TATopop
sup/Φ-TAAppop

sup

OO

Φ-(A)Sobdense
∼= map(Φ-Mod)

OO

// Φ-TATopop/Φ-TAAppop

OO
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For Top:

Algebras for the proper filter monad = continuous Scott domains.

Algebras for the prime filter monad = stably compact spaces.

Algebras for the completely prime filter monad = sober spaces.

. . .

Here: Φ = all those modules ϕ : X −⇀◦ Y where

ϕ ◦ − : U-Mod(1,X )→ U-Mod(1,Y )

preserves chosen limits.

For X in Φ-CDTop: Φ-Cocts(X , 2) is a coframe.
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Somehow different:

For X = (X , a) in Top/App one has r := Ua ·m◦X : UX−→7 UX , hence
Y X : UX → PX fully faithful which turns out to be the X -component of
a natural transformation U → P which factors as U � Φ� P.

(ψ ∈ ΦX ⇐⇒ ψ = r(−, x) for some x ∈ UX )

Now

Φ-algebra on Top/App = ordered/metric compact Hausdorff space
(separated!).

f : X → Y in Top Φ-dense ⇐⇒ for each y ∈ Y there is a largest
ultrafilter x with Uf (x)→ y .

Φ-algebra = injective space w.r.t Φ-dense embeddings.

Every such space is exponentiable/+-exponentiable.

SobΦ-dense
∼= AOrdCHop and Φ-ASobΦ-dense

∼= AMetCHop.
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For Met: ΦX = {a(−, x) + u | x ∈ X , u ∈ [0,∞]}

Then:

algebra=metric space with “some action of [0,∞]”.

Every such space is exponentiable in Met.

For App: ΦX = {r(−, x) + u | x ∈ UX , u ∈ [0,∞]}

Then:

algebra=metric compact Hausdorff space with “some action of
[0,∞]”.

Every such space is exponentiable in App.
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