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Disclaimer

The following program contains ultrafilters, modules, presheafs and
incorrect english. Viewer discretion is advised.
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Lawvere, 1973: For a metric space X, TFAE:
@ X is Cauchy complete.
@ Every left adjoint module ¢ : Y—o» X is of the form ¢ = f..
@ Every left adjoint module ¢ : 1—e» X is of the form ¢ = x,.
@ Every right adjoint module 1 : X—e~1 has a supremum x = Supy 1.
@ y, : X — {1 : X—e=1 right adjoint} has a left adjoint.

@y, X— X is an equivalence.



Theorem (Rosebrugh and Wood, 2004)

Let T be a monad on C Cauchy-complete. Then
kar(Cr) 2 Spl(CT).

[§ R. ROSEBRUGH AND R.J. WoOD.
Split structures.
Theory Appl. Categ. 13 (2004), 172-183.



Theorem (Rosebrugh and Wood, 2004)

Let T be a monad on C Cauchy-complete. Then

kar(Crp) = Spl(C™).

[ R. ROSEBRUGH AND R.J. WoOD.
Split structures.

Theory Appl. Categ. 13 (2004), 172-183.

For IP the power-set monad on Set resp. the down-set monad on Ord

Rel°? = Setp, Mod°? = Ordp, Sup = Set” =~ Ord".
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@ Topological space: set X with —: UX x X — 2 s.t.
(x — x), (X —r&r— x)= mx(X) — x
@ Approach space: set X with A : UX x X — [0, 0] s.t.
0> A(x,x), UNZX,x) + Ax, x) = AM(mx (%), x)

e Both axioms read as (where a: UX—— X resp. a: X — X)

X —2= Ux UUX —2> UX

SV

X UX —— X

1x Ca-ex a-UaC a-my
ex Ca a=a-Ua-my=aoa

where C stands either for C or >.

e X = (X, a) has an underlying order/metric a - ex, and
Top/App — Ord/Met has a left adjoint (X, ag) — (X, e% - Uag).
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@ The ultrafilter monad U on Set extends to Ord via
(X, <) — (UX,U<), and to Met via (X, d) — (UX, Ud).
o Ord"” = OrdCH and Met"” = MetCH.
@ One has canonical forgetful functors
K : OrdCH — Top

X7 ) X7 .
K:MetCH—>App} (X, a0, a) = (X, 20 )

o Both forgetful functors have a left adjoint
M : Top — OrdCH

X, UX, Ua- m,
/\/I:App—>MetCH} (X,a) = ( 3~ mx, mx)

e We define now (—)°P : Top — Top and (—)°P : App — App by

Top -> Top and App > App

OrdCH m) OrdCH MetCH W’) MetCH
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Modules:

For topological /approach spaces X = (X,a) and Y = (Y, b), a
U-module ¢ : X —~ Y is a U-relation ¢ : X —— Y so that

XPxY —2 resp. XP®Y —[0,00]

is continuous/contractive.

U-modules correspond to continuous/contractive maps

‘o' Y — PX, where PX := 2X" resp. PX := [0, 00]X"".

@ : X —= Y is a U-module if and only if bo @ = ¢ and poa= .
a: XPxX—-2/a:XP®X — |[0,00] is cont(inuous/ractive)
which gives y, : X — PX.

mx : PPX — PX, W : PX —e*1+ Vo (y,). makes P part of a
monad P = (P, y, m) on Top/App.

For f : X — Y in Top/App we get f. 1 f* in U-Mod, and

Pf : PX — PY, 4+ 1o f* as the mate of y, of " : Y —e~ PX with
right adjoint induced by "f* ', : X —o~ PY.
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U-Mod®? = Appp/Topp and U-Rel’? = Setp.
Top® /App” /Ord” /Met? /Set” is the category of injective spaces and
left adjoint continuous/contractive maps. More precise:

e X is cocomplete if Supy 1 y,.

e X is (cd) if tx 4 Supy.

Hence:
kar(U-Mod) = CDTop.!,/CDAppSY,
U-Mod TATopsup/TAAppsup

| T

Topcc/Appcc = map(U_MOd) TATOPOP/TAAPPOP
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0 p:1-eX=Zp:X—2/[0,00] (2 AC X closed).
e X is Cauchy complete iff X is (weakly) sober.

For X = (X, a) in Top, the order UX—> UUX 12 UX is described
by

<y whenever A € y for every A € 1.
e For X = (X, a) in App, the metric UX—+—> uUx<2 ux gives

dist(r,p) = inf{e | VA € 1. A®) € p).

1 1 X°P — 2 continuous = A C UX closed

° =~ A C UX Zariski and down-closed
= filter on OX.
@ cocomplete space = continuous lattice/ “continuous metric space”.

totally algebraic space 2 spatial (approach) frame.
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What about CDTop? One has (recall PX = FOX)
X is (cd) iff X is the filter space of some frame.

F : Frm — CDTop, L +— {filters on L},
Pt: CDTop — Frm, X — {x e X | |xis open},

which gives Frm = CDTop, hence CDTop is monadic over Set.

More general: Frmg,; = CDTop, , . Hence

Frm®P 2 map(kar(U-Rel)) = map(kar(Setr))
Frm®? 2 map(kar(U-Mod)) = map(kar(Topy)).

Let Inf be the category with
@ objects: (X,6) where o6 =0,
@ morphisms: continuous maps.

One has:
Inf — map(kar(U-Rel))

f}—>f+

and map(kar(U-Rel))(Y, X) = Inf(Y, 5(X, 0)).
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= V-category +...with all infima, (co)tensors, and T-suprema.

Then:
T-Frm(VX,V) = T-Mod,, (X, 1).

For T =T, ¢ : VX — V preserving infima and (co)tensors:

 preserves U-suprema <= ¢ preserves finite suprema.
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e f* € ®-Mod, for every f in Top/App,
@ Forallp: X —-Y: (Vy e Y.y op e ®(X)) = ¢ c d(Y).
Then one has
Of 10X - DY, Y pofr,
gy X = OX, x> X",
my  dOX — OX, Wi tho(y)..

giving us a monad on Top/App. Then

e ®-algebra = injective space wrt. ®-dense embeddings. (Here f is
®-dense whenever f, € ®-Mod.)

o ®-Mod? = Topy, /Appe-

kar($-Mod) = $-CDTop),/®-CDApp.E,
i ¢
®-Mod ®-TATopgl,/®-TAApPSE,
f ]

®-(A)Sob,,... = map(P-Mod) ——— &-TATop°? />-TAAppP
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For Top:
@ Algebras for the proper filter monad = continuous Scott domains.
@ Algebras for the prime filter monad = stably compact spaces.
@ Algebras for the completely prime filter monad = sober spaces.

o ...
Here: ® = all those modules ¢ : X —e~ Y where
po—:U-Mod(1,X) — U-Mod(1, Y)
preserves chosen limits.

For X in ®-CDTop: $-Cocts(X,2) is a coframe.
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Somehow different:

For X = (X, a) in Top/App one has r := Ua- m§ : X —e~ UX, hence
Y x : UX — PX fully faithful which turns out to be the X-component of
a natural transformation U — P which factors as U —» & — P.

(Y € ®X <= 1 = r(—,r) for some ¢ € UX)

Now

e ®-algebra on Top/App = ordered/metric compact Hausdorff space
(separated!).

@ f: X — Y in Top ®-dense <= for each y € Y there is a largest
ultrafilter ¢ with Uf(x) — y.

®-algebra = injective space w.r.t ®-dense embeddings.

Every such space is exponentiable/+-exponentiable.
Sobg 4ense = AOrdCH®? and ®-ASob, 4. = AMetCHP.
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Then:
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For App: ®X = {r(—,z) +u|r € UX,u € [0,00]}
Then:

@ algebra=metric compact Hausdorff space with “some action of
[0, 00]".

@ Every such space is exponentiable in App.



