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Topological spaces

M. Barr (1970):

Topological space = set X with a : UX × X −→ 2 such that

�
x −→ x , (X −→ x & x −→ x) ⇒ (mX (X) −→ x).

From here we have two choices:

X 7−→ 2X leads to Top
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Frmop

hom(−,2)
oo ⊥

X 7−→ 2UX leads to . . . ?. . .
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V = (V,⊗, k) T = (T,V, ξ : TV → V)
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X op ?? = (TX , ?) ⊗-exp.

Yoneda ??
Supremum (weighted colimit) ??
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From a : X−→◦ X we get yX : X −→ VXop
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The dual category

T extends to a monad on V-Cat via

(X , a : X−→7 X ) 7−→ (TX ,Ta : TX−→7 TX ).

Example: (V, hom : V−→7 V, ξ : TV −→ V) is a T-algebra.

We have a functor

K : V-CatT −→ T-Cat

(X , a0 , α) 7−→ (X , a0 · α : TV−→7 V )

which has a left adjoint

M : T-Cat −→ V-CatT.

(X , a) 7−→ (TX ,Ta ·mX ,mX )

Hence T extends to a monad on T-Cat induced by M a K
which is of KZ-type.
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(iii) X is injective w.r.t. embeddings.

Theorem (under T1 = 1)

(i) X is 1-cocomplete iff

(ii) yX : X −→ PX has a left adjoint in V-Cat iff

(iii) X is complete and eX : X −→ MX preserves limits (in V-Cat).
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What does it give in Top?

The order on MX : x ≤ y ⇐⇒ ∀A ∈ x .A ∈ y.

The topology on X op has {x ∈ UX | B ∈ x} where B ⊆ X is
closed as basic open sets.

2Xop −→ F (OX ), A 7−→ (
⋂
A) ∩ τ is a homeomorphism.

Here F (OX ) is the set of all filters of open subsets with
{f ∈ F (OX ) | A ∈ f} where A ⊆ X is open as basic open sets.

y : X −→ F (OX ) sends x to the neighbourhood filter of x .

Top
//
CDTopop

oo ⊥ restricts to Sob
//
TATopop

oo ∼= .

For each frame homomorphism f : L −→ M one gets

FL Ff // FM
⊥ff
⊥xx

in Top and FL is (cd) via O(FL) −→ L in Frm.
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{f ∈ F (OX ) | A ∈ f} where A ⊆ X is open as basic open sets.

y : X −→ F (OX ) sends x to the neighbourhood filter of x .

Top
//
CDTopop

oo ⊥ restricts to Sob
//
TATopop

oo ∼= .

For each frame homomorphism f : L −→ M one gets

FL Ff // FM
⊥ff
⊥xx

in Top and FL is (cd) via O(FL) −→ L in Frm.



What does it give in Top?

The order on MX : x ≤ y ⇐⇒ ∀A ∈ x .A ∈ y.

The topology on X op

has {x ∈ UX | B ∈ x} where B ⊆ X is
closed as basic open sets.

2Xop −→ F (OX ), A 7−→ (
⋂
A) ∩ τ is a homeomorphism.

Here F (OX ) is the set of all filters of open subsets with
{f ∈ F (OX ) | A ∈ f} where A ⊆ X is open as basic open sets.

y : X −→ F (OX ) sends x to the neighbourhood filter of x .

Top
//
CDTopop

oo ⊥ restricts to Sob
//
TATopop

oo ∼= .

For each frame homomorphism f : L −→ M one gets

FL Ff // FM
⊥ff
⊥xx

in Top and FL is (cd) via O(FL) −→ L in Frm.



What does it give in Top?

The order on MX : x ≤ y ⇐⇒ ∀A ∈ x .A ∈ y.

The topology on X op has {x ∈ UX | B ∈ x} where B ⊆ X is
closed as basic open sets.

2Xop −→ F (OX ), A 7−→ (
⋂
A) ∩ τ is a homeomorphism.

Here F (OX ) is the set of all filters of open subsets with
{f ∈ F (OX ) | A ∈ f} where A ⊆ X is open as basic open sets.

y : X −→ F (OX ) sends x to the neighbourhood filter of x .

Top
//
CDTopop

oo ⊥ restricts to Sob
//
TATopop

oo ∼= .

For each frame homomorphism f : L −→ M one gets

FL Ff // FM
⊥ff
⊥xx

in Top and FL is (cd) via O(FL) −→ L in Frm.



What does it give in Top?

The order on MX : x ≤ y ⇐⇒ ∀A ∈ x .A ∈ y.

The topology on X op has {x ∈ UX | B ∈ x} where B ⊆ X is
closed as basic open sets.

2Xop −→ F (OX ), A 7−→ (
⋂
A) ∩ τ is a homeomorphism.

Here F (OX ) is the set of all filters of open subsets with
{f ∈ F (OX ) | A ∈ f} where A ⊆ X is open as basic open sets.

y : X −→ F (OX ) sends x to the neighbourhood filter of x .

Top
//
CDTopop

oo ⊥ restricts to Sob
//
TATopop

oo ∼= .

For each frame homomorphism f : L −→ M one gets

FL Ff // FM
⊥ff
⊥xx

in Top and FL is (cd) via O(FL) −→ L in Frm.



What does it give in Top?

The order on MX : x ≤ y ⇐⇒ ∀A ∈ x .A ∈ y.

The topology on X op has {x ∈ UX | B ∈ x} where B ⊆ X is
closed as basic open sets.

2Xop −→ F (OX ), A 7−→ (
⋂
A) ∩ τ is a homeomorphism.

Here F (OX ) is the set of all filters of open subsets with
{f ∈ F (OX ) | A ∈ f} where A ⊆ X is open as basic open sets.

y : X −→ F (OX ) sends x to the neighbourhood filter of x .

Top
//
CDTopop

oo ⊥ restricts to Sob
//
TATopop

oo ∼= .

For each frame homomorphism f : L −→ M one gets

FL Ff // FM
⊥ff
⊥xx

in Top and FL is (cd) via O(FL) −→ L in Frm.



What does it give in Top?

The order on MX : x ≤ y ⇐⇒ ∀A ∈ x .A ∈ y.

The topology on X op has {x ∈ UX | B ∈ x} where B ⊆ X is
closed as basic open sets.

2Xop −→ F (OX ), A 7−→ (
⋂
A) ∩ τ is a homeomorphism.

Here F (OX ) is the set of all filters of open subsets with
{f ∈ F (OX ) | A ∈ f} where A ⊆ X is open as basic open sets.

y : X −→ F (OX ) sends x to the neighbourhood filter of x .

Top
//
CDTopop

oo ⊥ restricts to Sob
//
TATopop

oo ∼= .

For each frame homomorphism f : L −→ M one gets

FL Ff // FM
⊥ff
⊥xx

in Top and FL is (cd) via O(FL) −→ L in Frm.



What does it give in Top?

The order on MX : x ≤ y ⇐⇒ ∀A ∈ x .A ∈ y.

The topology on X op has {x ∈ UX | B ∈ x} where B ⊆ X is
closed as basic open sets.

2Xop −→ F (OX ), A 7−→ (
⋂
A) ∩ τ is a homeomorphism.

Here F (OX ) is the set of all filters of open subsets with
{f ∈ F (OX ) | A ∈ f} where A ⊆ X is open as basic open sets.

y : X −→ F (OX ) sends x to the neighbourhood filter of x .

Top
//
CDTopop

oo ⊥ restricts to Sob
//
TATopop

oo ∼= .

For each frame homomorphism f : L −→ M one gets

FL Ff // FM
⊥ff
⊥xx

in Top

and FL is (cd) via O(FL) −→ L in Frm.



What does it give in Top?

The order on MX : x ≤ y ⇐⇒ ∀A ∈ x .A ∈ y.

The topology on X op has {x ∈ UX | B ∈ x} where B ⊆ X is
closed as basic open sets.

2Xop −→ F (OX ), A 7−→ (
⋂
A) ∩ τ is a homeomorphism.

Here F (OX ) is the set of all filters of open subsets with
{f ∈ F (OX ) | A ∈ f} where A ⊆ X is open as basic open sets.

y : X −→ F (OX ) sends x to the neighbourhood filter of x .

Top
//
CDTopop

oo ⊥ restricts to Sob
//
TATopop

oo ∼= .

For each frame homomorphism f : L −→ M one gets

FL Ff // FM
⊥ff
⊥xx

in Top and FL is (cd) via O(FL) −→ L in Frm.



Everything is relative. . .

Let Φ be a (non-full) subcategory of T-Dist with

f ∗ ∈ Φ, for every T-functor f , and

For all ϕ : X −⇀◦ Y : (∀y ∈ Y . y∗ ◦ ϕ ∈ Φ) ⇒ ϕ ∈ Φ.

Then:
X is Φ-cocomplete ⇐⇒ yX : X −→ Φ(X ) has a left adjoint

⇐⇒ X is injective w.r.t. Φ-dense embeddings.
(Here f is Φ-dense whenever f∗ ∈ Φ.)
We obtain an adjunction

Φ-Cat
//
Φ-CDopoo ⊥
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“inhabited” distributors

For f : X −→ Y in Top:

f : X −→ Y is dense ⇐⇒ ∀y ∈ Y ∃x ∈ UX .

Hence we consider:

ϕ : X −⇀◦ Y ∈ Φ whenever ∀y ∈ Y ∃x ∈ UX . xϕ y .

Then:

ΦX ∼= all proper filters on OX .

X is Φ-cocomplete ⇐⇒ X is a Scott-domain.

Sobdense
∼= ASctDomop.

More general, we can chose Φ = all those distributors ϕ : X −⇀◦ Y
where

ϕ ◦ − : Dist(1,X ) −→ Dist(1,Y )

preserves chosen limits.
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Ordered compact Hausdorff spaces (again)

For a T-category X = (X , a):

We have Ta ·m◦
X : TX−→7 TX .

Hence we get Y X : TX −→ PX .

For X ∈ TTX and ψ ∈ PX : JTY X (X), ψK = ψ(mX (X)).

Hence Y X : TX −→ PX is fully faithful.

We chose now: Φ = all distributors “coming from T”.

Hence, in Top:

X is Φ-cocomplete ⇐⇒ X is ordered compact Hausdorff.

Φ contains all right adjoint distributors.

SobT-dense
∼= AOrdCompHausop
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