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For an ordered set X

For a topological space X

X<y

r— X




For an ordered set X

For a topological space X

X<y

r— X

X ordered set: x <x, (x<y<z)=(x<2z)




For an ordered set X

For a topological space X

X<y

r— X

X top. space: x = x, (X —1—x)= (mx(X)— x)




For an ordered set X For a topological space X

x<y r— X

X top. space: x = x, (X =1 — x) = (mx(X) — x) where
x={ACX|x€eA}, mx(X)={AC X | X e A*}
(A* ={re UX|Aey}).
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For a topological space X

X<y

up-closed subset

r— X
closed subset




For an ordered set X For a topological space X

x<y r— X
up-closed subset closed subset

= morphism of type X — 2
(Sierpiriski space 2 = {0,1} with {1} closed)



For an ordered set X For a topological space X

x<y r— X
up-closed subset closed subset

= morphism of type X — 2
(Sierpiriski space 2 = {0,1} with {1} closed)
Example: tx ={y € X | x <y}



For an ordered set X For a topological space X

x<y r— X
up-closed subset closed subset

= morphism of type X — 2
(Sierpiriski space 2 = {0,1} with {1} closed)
Example: Tt = {x € X |t — x}



For an ordered set X

For a topological space X

x<y
up-closed subset

down-closed subset

r— X
closed subset




For an ordered set X For a topological space X

x<y r— X
up-closed subset closed subset

down-closed subset

= morphism of type X°P — 2



For an ordered set X For a topological space X

x<y r— X
up-closed subset closed subset

down-closed subset

= morphism of type X°P — 2 resp. X — 2°P



For an ordered set X For a topological space X

x<y r— X
up-closed subset closed subset

down-closed subset

= morphism of type X°P — 2 resp. X — 2°P
Example: ly ={xe X | x <y}



For an ordered set X For a topological space X

x<y r— X
up-closed subset closed subset

down-closed subset

= morphism of type X°P — 2 resp. X — 2°P
Example: |[x ={re X |r— x} C UX



For an ordered set X For a topological space X

x<y r— X
up-closed subset closed subset

down-closed subset

Hence: X°P = (UX, 1)



For an ordered set X For a topological space X

x<y r— X
up-closed subset closed subset

down-closed subset

Hence: X°P = (UX, 1),
A C UX closed <= A= {r|r 2 f} for some filter of opens § C OX.



For an ordered set X For a topological space X

x<y r— X
up-closed subset closed subset
down-closed subset filter of opens

Hence: X°P = (UX, 1),
A C UX closed <= A= {r|r 2 f} for some filter of opens § C OX.



For an ordered set X

For a topological space X

x<y
up-closed subset
down-closed subset

upper bound

r— X
closed subset

filter of opens
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For a topological space X

x<y
up-closed subset
down-closed subset

upper bound

r—x
closed subset
filter of opens

limit point
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limit point
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For an ordered set X

For a topological space X

x<y
up-closed subset
down-closed subset
upper bound

supremum

r—x
closed subset
filter of opens

limit point
smallest limit point

x < y whenever x — y




For an ordered set X

For a topological space X

x<y
up-closed subset
down-closed subset
upper bound

supremum

r—x
closed subset
filter of opens

limit point
smallest limit point

x <y whenever x — y (<= y € {x})




For an ordered set X For a topological space X

X<y r—x
up-closed subset closed subset
down-closed subset filter of opens
upper bound limit point
supremum smallest limit point

Adjunction: for f : X - Y and g: Y — X,
fdg <= Ix<g-f&f -g<ly < (Uf(zx) >y <1 —g(y))



For an ordered set X For a topological space X

X<y r—x
up-closed subset closed subset
down-closed subset filter of opens
upper bound limit point
supremum smallest limit point

Adjunction: for f : X - Y and g: Y — X,
fi1g &= Ix<g - f&f-g<ly < (Uft) >y er—8gy)
Fact: f left adjoint = f preserves smallest limit points.
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For a topological space X

x<y
up-closed subset
down-closed subset
upper bound
supremum

cocomplete

r—x
closed subset
filter of opens

limit point
smallest limit point
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For a topological space X
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down-closed subset
upper bound
supremum
cocomplete

cocomplete
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closed subset
filter of opens
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cocomplete (but not really)




For an ordered set X For a topological space X

x<y r—x
up-closed subset closed subset
down-closed subset filter of opens
upper bound limit point
supremum smallest limit point
cocomplete cocomplete (but not really)
cocomplete

In Ord: X cocomplete <= y, : X — 2X x = |x has left adjoint.



For an ordered set X

For a topological space X

x<y
up-closed subset
down-closed subset
upper bound
supremum
cocomplete

cocomplete

r—x
closed subset
filter of opens

limit point
smallest limit point

cocomplete (but not really)

In Top: we wish to have a left adjoint of y, : X — 2X7 x> Ix.
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x<y r—x
up-closed subset closed subset
down-closed subset filter of opens
upper bound limit point
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cocomplete

In Top: we wish to have a left adjoint of y, : X — 2X7 x> Ix.
Note: —: X°P x X — 2 is continuous, X°P exponentiable.



For an ordered set X For a topological space X

x<y r—x
up-closed subset closed subset
down-closed subset filter of opens
upper bound limit point
supremum smallest limit point
cocomplete cocomplete (but not really)
cocomplete cocomplete

X

In Top: we wish to have a left adjoint of y, : X — , X = x.

Note: —: X°P x X — 2 is continuous, X°P exponentiable.



For an ordered set X

For a topological space X

x<y
up-closed subset
down-closed subset
upper bound
supremum
cocomplete
cocomplete

down-set monad D

r— X
closed subset
filter of opens
limit point
smallest limit point
cocomplete (but not really)

cocomplete

(D, y, m)




For an ordered set X

For a topological space X

x<y
up-closed subset
down-closed subset
upper bound
supremum
cocomplete
cocomplete

down-set monad D

r— X
closed subset
filter of opens
limit point
smallest limit point
cocomplete (but not really)

cocomplete

D = (D, y, m), where DX = 2X°",
Yy : X = DX, x — |x




For an ordered set X

For a topological space X

x<y
up-closed subset

upper bound
supremum
cocomplete

cocomplete

down-closed subset

down-set monad D

r— X
closed subset
filter of opens
limit point
smallest limit point
cocomplete (but not really)

cocomplete

D = (D, y, m), where DX = 2X°",

yy : X = DX, x — |x, and
mx : DDX — DX, A— [JA




For an ordered set X

For a topological space X

x<y
up-closed subset
down-closed subset
upper bound
supremum
cocomplete
cocomplete

down-set monad D

r— X
closed subset
filter of opens
limit point
smallest limit point
cocomplete (but not really)

cocomplete

D = (D, y, m), where DX = 2X°",

yy : X = DX, x — |x, and

mx : DDX — DX, A |JA = {x € X | yx(x) € A}




For an ordered set X For a topological space X

x<y r—x
up-closed subset closed subset
down-closed subset filter of opens
upper bound limit point
supremum smallest limit point
cocomplete cocomplete (but not really)
cocomplete cocomplete

down-set monad D

For Top: X — 2X°
Yy - X — X
mx(V) = {x € UX | Uyy(x) € ¥}



For an ordered set X For a topological space X

x<y r—x
up-closed subset closed subset
down-closed subset filter of opens
upper bound limit point
supremum smallest limit point
cocomplete cocomplete (but not really)
cocomplete cocomplete

down-set monad D

For Top: X +— 2X°"~ FX with basic opens A# = {f | A € §} (A open)
Yy X — X
nx(W) = {1 € UX | Uyy(x) € U}



For an ordered set X For a topological space X

x<y r—x
up-closed subset closed subset
down-closed subset filter of opens
upper bound limit point
supremum smallest limit point
cocomplete cocomplete (but not really)
cocomplete cocomplete

down-set monad D

For Top: X +— 2X°"~ FX with basic opens A# = {f | A € §} (A open)
gy 1 X = 22X FX, x = O(x)
nx(W) = {z € UX | Uyy(x) € W}



For an ordered set X For a topological space X

x<y r—x
up-closed subset closed subset
down-closed subset filter of opens
upper bound limit point
supremum smallest limit point
cocomplete cocomplete (but not really)
cocomplete cocomplete

down-set monad D

For Top: X +— 2X°"~ FX with basic opens A# = {f | A € §} (A open)
gy 1 X = 22X FX, x = O(x)
nx(W) = {t € UX | Uyy(¥) € W} resp. {A | A* € )



For an ordered set X For a topological space X
x<y r—x
up-closed subset closed subset
down-closed subset filter of opens
upper bound limit point
supremum smallest limit point
cocomplete cocomplete (but not really)
cocomplete cocomplete
down-set monad D filter monad ¥

For Top: X +— 2X°"~ FX with basic opens A# = {f | A € §} (A open)
gy 1 X = 22X FX, x = O(x)
nx(W) = {t € UX | Uyy(¥) € W} resp. {A | A* € )
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For a topological space X
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up-closed subset
down-closed subset
upper bound
supremum
cocomplete
cocomplete

down-set monad D

r— X
closed subset
filter of opens
limit point
smallest limit point
cocomplete (but not really)
continuous lattice
filter monad ¥
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x<y r—x
up-closed subset closed subset
down-closed subset filter of opens
upper bound limit point
supremum smallest limit point
cocomplete cocomplete (but not really)
cocomplete continuous lattice
down-set monad D filter monad ¥

F is of Kock—Zoberlein type:



For an ordered set X For a topological space X
x<y r—x
up-closed subset closed subset
down-closed subset filter of opens
upper bound limit point
supremum smallest limit point
cocomplete cocomplete (but not really)
cocomplete continuous lattice
down-set monad D filter monad ¥

IF is of Kock—Zoberlein type: (Fyy < ygy)



For an ordered set X For a topological space X
x<y r—x
up-closed subset closed subset
down-closed subset filter of opens
upper bound limit point
supremum smallest limit point
cocomplete cocomplete (but not really)
cocomplete continuous lattice
down-set monad D filter monad ¥

IF is of Kock—Zoberlein type: (Fyy < ygy)
X algebra < y, right adjoint, X To <= a -y, = 1x.
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For a topological space X
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up-closed subset
down-closed subset
upper bound
supremum
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cocomplete
down-set monad D
non-empty down-closed subset

directed down-closed subset
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cocomplete (but not really)
continuous lattice
filter monad ¥
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For A C X down-closed
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For A C X down-closed
Up(X) =2, B—[3xeX.xe A & xe B]=[ANB # 2]



For an ordered set X For a topological space X
x<y r—x
up-closed subset closed subset
down-closed subset filter of opens
upper bound limit point
supremum smallest limit point
cocomplete cocomplete (but not really)
cocomplete continuous lattice
down-set monad D filter monad ¥
non-empty down-closed subset
directed down-closed subset

For A C X down-closed resp. f € FX (= .A C UX closed):
Up(X) =2, B—[3xeX.xe A & xe B]=[ANB # 2]
CI(X)>2,B—[FreUX.te A & re UB]=[AN UB % 2]



For an ordered set X For a topological space X
x<y r—x
up-closed subset closed subset
down-closed subset filter of opens
upper bound limit point
supremum smallest limit point
cocomplete cocomplete (but not really)
cocomplete continuous lattice
down-set monad D filter monad ¥
non-empty down-closed subset proper filter of opens
directed down-closed subset

For A C X down-closed resp. f € FX (= .A C UX closed):
Up(X) =2, B—[3xeX.xe A & xe B]=[ANB # 2]
CI(X)>2,B—[FreUX.te A & re UB]=[AN UB % 2]



For an ordered set X

For a topological space X

x<y
up-closed subset
down-closed subset
upper bound
supremum
cocomplete
cocomplete
down-set monad D
non-empty down-closed subset

directed down-closed subset

r—x
closed subset
filter of opens
limit point
smallest limit point
cocomplete (but not really)
continuous lattice
filter monad ¥
proper filter of opens

prime filter of opens




For an ordered set X

For a topological space X

x<y
up-closed subset
down-closed subset
upper bound
supremum
cocomplete
cocomplete
down-set monad D
non-empty down-closed subset

directed down-closed subset

r—x
closed subset
filter of opens
limit point
smallest limit point
cocomplete (but not really)
continuous lattice
filter monad ¥
proper filter of opens

prime filter of opens

Completely distributive:

Em Ord: X (cd) <= y, - Supx - t,




For an ordered set X

For a topological space X

x<y
up-closed subset
down-closed subset
upper bound
supremum
cocomplete
cocomplete
down-set monad D
non-empty down-closed subset

directed down-closed subset

r—x
closed subset
filter of opens
limit point
smallest limit point
cocomplete (but not really)
continuous lattice
filter monad ¥
proper filter of opens

prime filter of opens

Completely distributive:
Em Ord: X (cd) <= y, - Supx - t,

CDOrdsyp = kar(Rel).




For an ordered set X

For a topological space X

x<y
up-closed subset
down-closed subset
upper bound
supremum
cocomplete
cocomplete

down-set monad D

r— X
closed subset
filter of opens
limit point
smallest limit point
cocomplete (but not really)
continuous lattice
filter monad ¥

non-empty down-closed subset proper filter of opens

directed down-closed subset prime filter of opens

Completely distributive:
Em Ord: X (cd) <= y, - Supx - t,
Em Top: X (cd) <= y, F Supx - t,

CDOrdsyp = kar(Rel).
CDTopg,, =777



We will consider T = (T, y, m) being
@ the filter monad IF on Top.
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@ the proper filter monad I, on Top.
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@ the prime filter monad F, on Top.
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We will consider T = (T, y, m) being
@ the filter monad IF on Top.
@ the proper filter monad I, on Top.
@ the prime filter monad F, on Top.

@ the completely prime filter monad I, on Top.

Theorem (Rosebrugh and Wood, 2004). For a monad D on a category
C where idempotents split: ~ kar(Cp) ~ Spl(CP).

(X, ) € Spl(CP) whenever « - t = 1x for some homom. t : X — DX
(<= X is projective wrt. those homomorphisms which split in C)

A—— B
A/

X



We will consider T = (T, y, m) being
@ the filter monad IF on Top.
@ the proper filter monad I, on Top.
@ the prime filter monad F, on Top.

@ the completely prime filter monad I, on Top.

Theorem (Rosebrugh and Wood, 2004). For a monad D on a category
C where idempotents split: ~ kar(Cp) ~ Spl(CP). \

(X, ) € Spl(CP) whenever « - t = 1x for some homom. t : X — DX
(<= X is projective wrt. those homomorphisms which split in C)

Theorem (Gleason, 1954). The projective compact Hausdorff spaces are

precisely the extremely disconnected ones.

Recall: CompHaus ~ SetV,

X extremely disconnected whenever A open for every open A C X.



Let X be a topological space.



Let X be a topological space.

Theorem. X isIF -algebra <= X is sober, core-compact, stable.

)

[ Smimons, H. (1982), A couple of triples, Topology Appl. 13 (2),
201-223.



Let X be a topological space.

@ U < V if every prime filter f with U € § has a limit point in V.
@ X is core-compact if U € O(x) = 3 V € O(x) with U < V.
Q Xisstable if U; < Vi = (N, Vi) < (Nizy Ui)-

Theorem. X is IF -algebra <= X is sober, core-compact, stable.

8 Smvmons, H. (1982), A couple of triples, Topology Appl. 13 (2),
201-223.



Let X be a topological space.

Proposition. X is a IF_-algebra <= X is Tg, has “suprema” of
prime filters, and § — Supf is continuous.

@ U < V if every prime filter f with U € § has a limit point in V.
@ X is core-compact if U € O(x) = 3 V € O(x) with U < V.
Q Xisstable if U; < Vi = (N, Vi) < (Nizy Ui)-

Theorem. X is IF -algebra <= X is sober, core-compact, stable.
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Let X be a topological space.

Proposition. X is a F_-algebra <= X is Ty, has “suprema” of
prime filters, and § — Supf is continuous.

@ U < V if every prime filter f with U € § has a limit point in V.
@ X is core-compact if U € O(x) = 3 V € O(x) with U < V.
@ X isstable if Uy < Vi = (N, Vi) < (N, U).

Lemma. For X core-compact:
X is stable <= |imf is irreducible for all § prime.

Theorem. X is IF_-algebra <= X is sober, core-compact, stable.

[§ Simvmons, H. (1982), A couple of triples, Topology Appl. 13 (2),
201-223.



Let X be a topological space.

Proposition. X is a T-algebra <= X is Ty, has “suprema” of
a-filters, and § — Supf is continuous.

@ U < V if every prime filter f with U € § has a limit point in V.
@ X is core-compact if U € O(x) = 3 V € O(x) with U < V.
@ X isstable if Uy < Vi = (N, Vi) < (N, U).

Lemma. For X core-compact:
X is stable <= |imf is irreducible for all § prime.

Theorem. X is IF_-algebra <= X is sober, core-compact, stable.

[§ Simvmons, H. (1982), A couple of triples, Topology Appl. 13 (2),
201-223.



Let X be a topological space.

Proposition. X is a T-algebra <= X is Ty, has “suprema” of
a-filters, and § — Supf is continuous.

Q@ U<, Vifevery f € TX with U € § has a limit point in V.
@ X is T-core-compact if U € O(x) = 3 V € O(x) with V <. U.
@ X is T-stable if Vi< Ui = (N1 Vi) < (Ni2q Ui).

Lemma. For X core-compact:
X is stable <= |imf is irreducible for all § prime.

Theorem. X is IF_-algebra <= X is sober, core-compact, stable.

[§ Simvmons, H. (1982), A couple of triples, Topology Appl. 13 (2),
201-223.



Let X be a topological space.

Proposition. X is a T-algebra <= X is Ty, has “suprema” of
a-filters, and § — Supf is continuous.

Q@ U<, Vifevery f € TX with U € § has a limit point in V.
@ X is T-core-compact if U € O(x) = 3 V € O(x) with V <. U.
@ X is T-stable if Vi<, Ui = (N, Vi) <o(Nizy Ui)-

Lemma. For X T-core-compact:
X is T-stable <= limf is irreducible for all § € TX.

Theorem. X is IF -algebra <= X is sober, core-compact, stable.

@ Sivmons, H. (1982), A couple of triples, Topology Appl. 13 (2),
201-223.



Let X be a topological space.

Proposition. X is a T-algebra <= X is Ty, has “suprema” of }

a-filters, and § — Supf is continuous.

Q@ U<, Vifevery f € TX with U € § has a limit point in V.
@ X is T-core-compact if U € O(x) = 3 V € O(x) with V<. U.
@ X is T-stable if Vi<, Ui = (N1 Vi) < (Nieq Ui).

Lemma. For X T-core-compact:
X is T-stable <= limf is irreducible for all § € TX. }

Theorem. X is T-algebra <= X is sober, T-core-compact, T-stable. )

B Smvmons, H. (1982), A couple of triples, Topology Appl. 13 (2),
201-223.



Let X be a T-algebra with structure Sup: TX — X.
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Let X be a T-algebra with structure Sup : TX — X.
@ For Ac OX: u(A) = {x € X | x =Sup(f) for some §f € TX, A € f}.
e X is called T-disconnected if p(A) is open, for every A € OX.

For A, B € OX and (Ai)ies a family of opens, #(/) < o € {0,1,w,Q}:
9 AC u(A).
@ If AC B, then u(A) C u(B).
Q w(Uies Ai) € Uies 1(Ai)
Q@ Anu(B) C u(AnB).
@ If X is T-disconnected, then pp(A) C u(A).
Q If X is T-disconnected, then u(AN B) = pu(A) N u(B).



Let X be a T-algebra with structure Sup : TX — X.
e For Ac OX: p(A) ={x € X | x =Sup(f) for some f € TX, A € f}.
e X is called T-disconnected if 1(A) is open, for every A € OX.

Lemma. /ft - Sup, then t(x) = {A€ OX | x € u(A)}.
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o If t - Sup, then u(A) = t~1(A¥).
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a continuous map t: X — TX.



Let X be a T-algebra with structure Sup : TX — X.
@ For Ac OX: u(A) = {x € X | x =Sup(f) for some §f € TX, A € f}.
e X is called T-disconnected if p(A) is open, for every A € OX.

Lemma. /ft - Sup, then t(x) = {A€ OX | x € u(A)}.

o If t - Sup, then u(A) = t~1(A¥).
e If X is T-disconnected, then t(x) := {A€ OX | x € u(A)} defines
a continuous map t: X — TX.

Lemma. /f X is T-disconnected, then t is a T-homomorphism.




Let X be a T-algebra with structure Sup : TX — X.
@ For Ac OX: u(A) = {x € X | x =Sup(f) for some §f € TX, A € f}.
e X is called T-disconnected if p(A) is open, for every A € OX.

Lemma. /ft - Sup, then t(x) = {A€ OX | x € u(A)}.

o If t - Sup, then u(A) = t~1(A¥).
e If X is T-disconnected, then t(x) := {A€ OX | x € u(A)} defines
a continuous map t: X — TX.

Lemma. /f X is T-disconnected, then t is a T-homomorphism.

Lemma. If X is T-disconnected, then Sup(t(x)) = x.




Let X be a T-algebra with structure Sup : TX — X.
@ For Ac OX: u(A) = {x € X | x =Sup(f) for some §f € TX, A € f}.
e X is called T-disconnected if p(A) is open, for every A € OX.

Lemma. /ft - Sup, then t(x) = {A€ OX | x € u(A)}.

o If t - Sup, then u(A) = t~1(A¥).
e If X is T-disconnected, then t(x) := {A€ OX | x € u(A)} defines
a continuous map t: X — TX.

Lemma. /f X is T-disconnected, then t is a T-homomorphism.

Lemma. If X is T-disconnected, then Sup(t(x)) = x.

Theorem. X is T-distributive <—> X is T-disconnected.
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@ idempotents split in C whenever all are of this form.
@ idempotents split completion can be calculated as follows:

e embed C fully into a category X where idempotents split,
e then the idempotents split completion of C is “the closure of C in X".

X € C :<= X splits an idempotent in C

<= X is a split subobject of some object in C

Example: Cp —— CT
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About kar(Ct) ~ Spl(CT) , T=TF,, a € {0,1,w,Q}, C = Top.
fo
T is also induced by SLat?®, =

£ Top,
@]
which gives fully faithful O : Topp — SLat}’,.

Lemma. L € Topp <= L is a frame, hom(L,2) separates points. J

Theorem. Frm?” o =~ ~ Spl(Top™ ). Furthermore, a topological space X is
IF -distributive if and only if X is the a-filter space of a frame.

o = Q : Duality between spatial frames and sober spaces.
« = w : Restriction of Priestley duality to frames and f-spaces.

[d PriesTLEY, H.A. (1970), Representation of distributive lattices by
means of ordered Stone spaces, Bull. London Math. Soc. 2, 186—190.

@ PuULTR, A. and SICHLER, J. (1988), Frames in Priestley's duality,
Cahiers Topologie Géom. Différentielle Catég. 29 (3), 193-202.
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About kar(Ct) ~ Spl(CT) , T=T,, a € {0,1,w,Q}, C = Top.
fa

T is also induced by SLat%?, = £ Top,
o

which gives fully faithful O : Topp — SLat}’,.

Lemma. L € Topy <= L is a frame, hom(L,?2) separates points. J

Theorem. Frm?\f’a = SpI(TopFa). Furthermore, a topological space X is
IF -distributive if and only if X is the a-filter space of a frame.

o = Q : Duality between spatial frames and sober spaces.
« = w : Restriction of Priestley duality to frames and f-spaces.

a=0: Frm® ~ CDTop,, , hence

Frm =~ Leftadjoints(Frm,) ~ Rightadjoints(CDTopy,,) ~ CDTop.



