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For an ordered set X For a topological space X

x ≤ y x→ x

up-closed subset closed subset

down-closed subset filter of opens

upper bound limit point

supremum smallest limit point
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cocomplete

down-set monad D filter monad F

non-empty down-closed subset proper filter of opens

directed down-closed subset prime filter of opens
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X ordered set: x ≤ x , (x ≤ y ≤ z)⇒ (x ≤ z)
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X top. space:
�
x → x , (X→ x→ x)⇒ (mX (X)→ x)

where
�
x = {A ⊆ X | x ∈ A}, mX (X) = {A ⊆ X | X ∈ A#}
(A# = {x ∈ UX | A ∈ x}).
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= morphism of type X → 2

(Sierpiński space 2 = {0, 1} with {1} closed)
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= morphism of type X → 2

(Sierpiński space 2 = {0, 1} with {1} closed)

Example: ↑x = {y ∈ X | x ≤ y}
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= morphism of type X op → 2

resp. X → 2op
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= morphism of type X op → 2 resp. X → 2op

Example: ↓y = {x ∈ X | x ≤ y}
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Hence: X op = (UX , τ)

,

A ⊆ UX closed ⇐⇒ A = {x | x ⊇ f} for some filter of opens f ⊆ OX .
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x ≤ y whenever
�
x → y

(⇐⇒ y ∈ {x})
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Adjunction: for f : X → Y and g : Y → X ,

f a g ⇐⇒ 1X ≤ g · f & f · g ≤ 1Y ⇐⇒ (Uf (x)→ y ⇔ x→ g(y))

Fact: f left adjoint ⇒ f preserves smallest limit points.
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In Ord: X cocomplete ⇐⇒ yX : X → 2X
op
, x 7→ ↓x has left adjoint.

Note: →: X op × X → 2 is continuous, X op exponentiable.
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In Top: we wish to have a left adjoint of yX : X → 2X
op
, x 7→ ↓x .

Note: →: X op × X → 2 is continuous, X op exponentiable.
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D = (D, y ,m)

, where DX = 2X
op

,

yX : X → DX , x 7→ ↓x , and

mX : DDX → DX ,A 7→
⋃
A = {x ∈ X | yX (x) ∈ A}
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For Top: X 7→ 2X
op

' FX with basic opens A# = {f | A ∈ f} (A open)

yX : X → 2X
op

' FX , x 7→ O(x)

mX (Ψ) = {x ∈ UX | UyX (x) ∈ Ψ}

resp. {A | A# ∈ Ψ}
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F is of Kock–Zöberlein type:

(F yX ≤ yFX )

X algebra ⇐⇒ yX right adjoint, X T0 ⇐⇒ α · yX = 1X .
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For A ⊆ X down-closed

resp. f ∈ FX (= A ⊆ UX closed):

Up(X )→ 2, B 7→ J∃x ∈ X . x ∈ A & x ∈ BK = JA ∩ B 6= ∅K

Cl(X )→ 2, B 7→ J∃x ∈ UX . x ∈ A & x ∈ UBK = JA ∩ UB 6= ∅K
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Completely distributive:

Em Ord: X (cd) ⇐⇒ yX ` SupX ` t,

CDOrdsup ' kar(Rel).

Em Top: X (cd) ⇐⇒ yX ` SupX ` t, CDTopsup ' ???.
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Theorem (Gleason, 1954). The projective compact Hausdorff spaces are

precisely the extremely disconnected ones.

Recall: CompHaus ' SetU,

X extremely disconnected whenever A open for every open A ⊆ X .
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Leftadjoints(Frm∧) ' Rightadjoints(CDTopsup)
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