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A continuous lattice is

@ an ordered set satisfying certain completeness properties.
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X with <: X x X — 2 such that
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D. Scott (1970)

A continuous lattice is
@ an ordered set satisfying certain completeness properties.

@ an injective topological space.

Ordered set: (2 = {false, true}, &, true)

X with <: X x X — 2 such that
true = (x <x), (x<y&y<z)Ex<z.

Metric space: (P. = [0,0]°P, +,0)

X with d : X x X — P, such that
0>d(x,x), d(x,y)+d(y,z)>d(x,z).
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D. Scott (1970); A. Day (1975)

A continuous lattice is
@ an ordered set satisfying certain completeness properties.
@ an injective topological space.

@ an algebra for the filter monad.

Ordered set: (2 = {false, true}, &, true)

X with <: X x X — 2 such that
true = (x <x), (x<y&y<z)Ex<z.

Metric space: (P. = [0,0]°P, +,0)

X with d : X x X — P, such that
0>d(x,x), d(x,y)+d(y,z)>d(x,z).
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continuous V-category = injective ??7-space
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“Definition”

continuous V-category = injective ??7-space
= algebra for the
V-enriched filter monad(?777)
on Set resp. V-Cat.

Dirk Hofmann Continuous V-categories



M. Barr (1970)

Topological space: 2=(2,&,true), U= (U,e, m)
X with a: UX x X — 2 such that

true = (x — x), (X — &1 — x) E mx(X) — x.
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Topological space: 2=(2,&,true), U= (U,e, m)
X with a: UX x X — 2 such that

true = (x — x), (X — &1 — x) E mx(X) — x.

f: X — Y is continuous iff ¢ — x = Uf(x) — f(x).
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M. Barr (1970)

2=(2,&,true), U= (U,e,m)

Topological space:
X with a: UX x X — 2 such that

true = (x — x), (X — &1 — x) E mx(X) — x.

f: X — Y is continuous iff ¢ — x = Uf(x) — f(x).

Accordingly,

we define the category (T, V)-Cat of (T, V)-categories and
(T, V)-functors.
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M. Barr (1970)

2=(2,&,true), U= (U,e,m)

Topological space:
X with a: UX x X — 2 such that

true = (x — x), (X — &1 — x) E mx(X) — x.

X —2> Ux UUX > Ux
N o = P
X UX —— X.

f: X — Y is continuous iff ¢ — x = Uf(x) — f(x).

Accordingly,

we define the category (T, V)-Cat of (T, V)-categories and
(T, V)-functors.
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Back to ordered sets

Suprema (part I)

Supy : PX — X
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Back to ordered sets

Suprema (part I)

Supy : PX — X is left adjoint to y, : X — PX = 22X,

X — x*

Suprema (part I1)

down-closed set = X°P — 2

Dirk Hofmann Continuous V-categories



Back to ordered sets

Suprema (part I)

Supy : PX — X is left adjoint to y, : X — PX = 22X,

X — x*

Suprema (part I1)

down-closed set = X% — 2 (= X—-1)
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Back to ordered sets

Suprema (part I)

Supy : PX — X is left adjoint to y, : X — PX = 22X,

X — x*
Suprema (part I1)
down-closed set = X% — 2 (= X—-1)
up-closed set = X —2 (=1—-X)
distributor = XPxY —2 (= X—->Y)

Dirk Hofmann Continuous V-categories



Back to ordered sets

Suprema (part I)

< XPx X — 2
Supy : PX — X is left adjoint to y, : X — PX = 22X,

X — x*
Suprema (part I1)
down-closed set = X% — 2 (= X—-1)
up-closed set = X —2 (=1—-X)
distributor = XPxY —2 (= X—->Y)
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Back to ordered sets

Suprema (part I)

< XPx X — 2
Supy : PX — X is left adjoint to y, : X — PX = 2,

X — x*
Suprema (part I1)
down-closed set = X% — 2 (= X—=1)
up-closed set = X —2 (=1 X)
distributor = XPxY — 2 (= X—>Y)

<
X —=X
g
1
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Back to ordered sets

Suprema (part I)

< XPx X — 2
Supy : PX — X is left adjoint to y, : X — PX = 2,

X — x*
Suprema (part I1)
down-closed set = X% — 2 (= X—=1)
up-closed set = X —2 (=1 X)
distributor = XPxY — 2 (= X—>Y)
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Back to ordered sets

Suprema (part I)

< XPx X — 2
Supy : PX — X is left adjoint to y, : X — PX = 2,

X — x*
Suprema (part I1)
down-closed set = X% — 2 (= X—=1)
up-closed set = X —2 (=1 X)
distributor = XPxY — 2 (= X—==Y)
< :
X —==X if 1 = x,, then x = Supyx ()
7
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Back to ordered sets

Suprema (part 1)

< XP X X — 2
Supy : PX — X is left adjoint to y, : X — PX =2X"".

X — Xx*
Suprema (part I1)
down-closed set = X% — 2 (= X—-1)
up-closed set = X —2 (= 1 X)
distributor = XP xY —2 (= X—>Y)

if Y = £,, then f = colimx(¢)

X
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Back to ordered sets

Suprema (part I)

< XPx X — 2
Supx : PX — X is left adjoint to y, : X — PX = 2,

X — x*
Suprema (part I1)
down-closed set = X% — 2 (= X—=1)
up-closed set = X —2 (=1 X)
distributor = XPxY —2 (= X—-=Y)
X 5> X if 1 = f,, then f = colimx ()
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Back to ordered sets

Suprema (part I)

< XP x X — 2
Supy : PX — X is left adjoint to y, : X — PX = 2%,

X — x*
Suprema (part I1)
down-closed set = X% — 2 (= X—=1)
up-closed set = X —2 (=1 X)
distributor = XPxY 2 (= X—eY)
A x if ¢ = f,, then f = colimx (¢, h)
7
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Back to ordered sets

Suprema (part I)

< XP x X — 2
Supy : PX — X is left adjoint to y, : X — PX = 2%,

X — x*
Suprema (part I1)
down-closed set = X% — 2 (= X—=1)
up-closed set = X —2 (=1 X)
distributor = XPxY 2 (= X-eY)
A x if ¢ = f,, then f = colimx (¢, h)
" 77,4
w% P Now we can believe:
B X cocomplete <= X injective
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Back to ordered sets

Suprema (part I)

< XP x X — 2
Supy : PX — X is left adjoint to y, : X — PX = 2%,

X — x*
Suprema (part I1)
down-closed set = X% — 2 (= X—=1)
up-closed set = X —2 (=1 X)
distributor = XPxY 2 (= X-eY)
= p: X—+—Ysit.
Sye=9 & o =0
A x if ¢ = f,, then f = colimx (¢, h)
" 77,4
w% P Now we can believe:
B X cocomplete <= X injective
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Returning to Top (resp. (T, V)-Cat)

Definition
A V-relation ¢ : TX—— Y is a distributor ¢ : X —e~ Y between
X =(X,a) and Y = (Y, b) whenever bo p = ¢ and poa = .
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Returning to Top (resp. (T, V)-Cat)

A V-relation ¢ : TX—— Y is a distributor ¢ : X —e~ Y between
X =(X,a) and Y = (Y, b) whenever bo p = ¢ and poa = .

| \

Theorem

The following are equivalent for o : TX x Y — V.
@ ¢ : X —Y is a distributor.
@ ¢: XP®Y — V is a functor

A\
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Returning to Top (resp. (T, V)-Cat)

A V-relation ¢ : TX—— Y is a distributor ¢ : X —e~ Y between
X =(X,a) and Y = (Y, b) whenever bo p = ¢ and poa = .

Theorem
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The following are equivalent for o : TX x Y — V.
@ ¢ : X —Y is a distributor.
@ ¢: XP®Y — V is a functor

Here X°P = (TX,...)
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Returning to Top (resp. (T, V)-Cat)

A V-relation ¢ : TX—— Y is a distributor ¢ : X —e~ Y between
X =(X,a) and Y = (Y, b) whenever bo p = ¢ and poa = .

Theorem

The following are equivalent for o : TX x Y — V.
@ ¢ : X —Y is a distributor.

@ ¢: XPQRY — Visa functorand ¢ : [ X|® Y — Visa
functor.

Here X°P = (TX,...) and |X| = (TX, mx).

Presheaf category

We put PXZ{¢:X—9A1}<—>V|X\
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Returning to Top (resp. (T, V)-Cat)

A V-relation ¢ : TX—— Y is a distributor ¢ : X —e~ Y between
X =(X,a) and Y = (Y, b) whenever bo p = ¢ and poa = .

Theorem

The following are equivalent for o : TX x Y — V.
@ ¢ : X —Y is a distributor.

@ ¢: XPQRY — Visa functorand ¢ : [ X|® Y — Visa
functor.

Here X°P = (TX,...) and |X| = (TX, mx).

Presheaf category

We put PX = {¢p : X —~1} — VIXI and each ¢ : X -~ Y
induces a (T,V)-functor o' : Y — PX.
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We proceed as in Ord

@ Define cocomplete (T, V)-category.
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@ Define cocomplete (T, V)-category.
o Put y, == 'a': X — PX, for a (T, V)-category X = (X, a).

@ We have the Yoneda lemma:
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@ X is injective.
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We proceed as in Ord

Define cocomplete (T, V)-category.
Put y, := 'a': X — PX, for a (T, V)-category X = (X, a).

@ We have the Yoneda lemma:

Nat(Tyy (r).v) =9¥(x),  (r € TX,¥ € PX).
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e TFAE for a (T, V)-category X = (X, a):

@ y, : X — PX has a left adjoint Supy : PX — X.

@ X is cocomplete.

@ X is injective.
The forgetful functor (T, V)-Coconts, — (T, V)-Cat has P
as a left adjoint.
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We proceed as in Ord

Define cocomplete (T, V)-category.
Put y, := 'a': X — PX, for a (T, V)-category X = (X, a).

@ We have the Yoneda lemma:

Nat(Tyy (r).v) =9¥(x),  (r € TX,¥ € PX).

(]

e TFAE for a (T, V)-category X = (X, a):

@ y, : X — PX has a left adjoint Supy : PX — X.

@ X is cocomplete.

@ X is injective.
The forgetful functor (T, V)-Coconts, — (T, V)-Cat has P
as a left adjoint. In fact, it is monadic of KZ-type.

The forgetful functor (T, V)-Coconts, — Set is monadic.
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Scott domains

The algebras for the proper filter monad on Top, are precisely the
To-spaces which are injective with respect to dense embeddings.

Dirk Hofmann Continuous V-categories



Scott domains

The algebras for the proper filter monad on Top, are precisely the
To-spaces which are injective with respect to dense embeddings.

We observe that

f: X —Yisdense <= VyeYIreUX.Uf(x) >y
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Scott domains

The algebras for the proper filter monad on Top, are precisely the
To-spaces which are injective with respect to dense embeddings.

We observe that

f:X—Yisdense < VyeYqelUX.tfy
Y:X—~1lis “proper’ <= Vxeldre UX.ro¢ %

and conclude that

we should relativise everything with respect to a class  of
distributors
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Scott domains

The algebras for the proper filter monad on Top, are precisely the
To-spaces which are injective with respect to dense embeddings.

We observe that

f:X—Yisdense < VyeYqelUX.tfy
Y:X—~1lis “proper’ <= Vxeldre UX.ro¢ %

and conclude that

we should relativise everything with respect to a class  of
distributors satisfying:

(Ax 1). For each (T, V)-functor f, f* € ®.
(Ax 2). @ is closed under certain compositions.
(Ax3). Forall p: X -~ Y: (Vy e Y.y*oped)=pe o
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Cocompleteness with respect to ¢

Definition
o f: X — Yis ®-dense if f. € O.
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@ X is ®-injective if it is injective w.r.t. #-dense embeddings.
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Cocompleteness with respect to ¢

o f: X — Yis ®-dense if f. € O.

@ X is ®-injective if it is injective w.r.t. #-dense embeddings.

@ X is ®-cocomplete if X has all $-weighted colimits.
o d(X)={yY e PX|Yed}— PX.

o X is ®-injective <= X is ®-cocomplete
> yy 1 X — O(X) has a left adjoint.

o (T,V)-Cocont?

sep

— (T, V)-Cat is monadic.
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Cocompleteness with respect to ¢

o f: X — Yis ®-dense if f. € O.

@ X is ®-injective if it is injective w.r.t. #-dense embeddings.

@ X is ®-cocomplete if X has all $-weighted colimits.
o d(X)={yY e PX|Yed}— PX.

o X is ®-injective <= X is ®-cocomplete
> yy 1 X — O(X) has a left adjoint.

o (T,V)-Cocont?

sep

— (T, V)-Cat is monadic.
o (T, V)-Cocontg';p — Set is monadic if ® satisfies also

(Ax 4). For each surjective (T, V)-functor f, f, € ®.
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Following [EF99]

@ ® the class of all distributors.

o ® = {f*: X — Y} the class of all representable distributors.

[1 M. EscarDO AND B. FLaca.
Semantic domains, injective spaces and monads.
Electronic Notes in Theoretical Computer Science 20 (1999).
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@ : X —>Y where either y* o p = 1 or y* o o = x*.
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