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true = (x — x), (X —r&r— x) | mx(X) — x.
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More analogies

APPROACH SPACE: X with A : UX x X — [00,0] s.t.

0> A(x,x), UXX,1)+ A&, x) > M(mx(X), x).

PROBABILISTIC METRIC SPACE: X with d: X x X — A s.t.

k <d(x,x), d(x,y)®d(y,z)<d(x,z).

Here:

o A={a:[0,00] = [0,1] | a(t) = \/ a(s)},

s<t

o a®p(t)=\/ o) B(s).
r+s<t

@ k(0) =0 and k(t) =1 for t > 0.
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Some results on function spaces

Exponentiable spaces

IxX—=Y

X is exponentiable <= X
Z—Y

X isexp. inOrd iff (x<z)=(FyeX.x<y<z).

X is exp. in Top iff (mx(X) — x)= (Fre UX.X — 1 — x).

X is exp. in Met iff for all u+ v = a(x,z) < oo and all € > 0 there exists
y € X such that

a(x,y)<u+e and a(y,z) <v+e.
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Suprema (part I)

Supx : PX — X is left adjoint to y, : X — PX
x—=x'={yeX|y<x}

Adjoints:
Forf: X —Yandg:Y — X:

fdg < 1x<g-fandf -g<l1ly
— (f(x) <y iff x < g(y)).

f: X — Y left adjoint = f preserves suprema.
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Complete ordered sets

Suprema (part I)

< XPx X —2
Supy : PX — X is left adjoint to yX:X—>PX:2X°p.
x—x"={yeX|y<x}

Distributors

down-closed set = X% — 2 (= X—-1)
up-closed set = X —2 (= 1 X)
distributor (order ideal) = X°P xY — 2 (= X—>Y)

relation ¢ : X—— Y s.t.
Sye=9 & o S=0
= monotone map Y — PX
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Induced distributors

Each f : X — Y induces a pair f, - f* of distributors:
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Each f : X — Y induces a pair f, - f* of distributors:
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Note that (1x). = < = 1%.
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Induced distributors

Each f : X — Y induces a pair f, - f* of distributors:
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Complete ordered sets (cont.)

Induced distributors

Each f : X — Y induces a pair f, - f* of distributors:
o fL: X—-Y, xfiy: < f(x)<y,
o f*: Y- X, yf*x:< y<f(x),

Note that (1x), = < = 1%.

Suprema (part I1)

—e> X if o = £, then f = colimx(¢p, h)

Note:
@ X complete <= each “weighted” diagram (h, ) has a colimit.

@ y, : X — PX is the cocompletion of X.
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Distributor p : X—=Y = ¢: XP® Y — [00, 0] non-expansive
p:l-eX, p(x)= lim d(x,, x)
n—oo

(xn)y Cauchy in X +— i X—=1, (x) = lim d(x,xp)
n—oo
A
@41  +—  (choice of a) Cauchy seq. (x»),
{Eq. classes of C-seq.} = {p : X—e=>1] 1) right adjoint} =: AX
(Xn)y = x <= @=x=d(x,—) x 5 x
0 7

g
Hence:

e X is Cauchy complete <= each “weighted” diagram (h, 1) with v
right adjoint has a colimit.

® y, : X — AX is the Cauchy completion of X.



Complete probabilistic metric spaces

Distributor ¢ : X—»Y = p: XP®Y — A non-expansive
p:l-eX, px) = nIi_)m d(xp, x)
Ui Xeol, 9(x) = lim d(x.x)
Ay
@41  +—  (choice of a) Cauchy seq. (xn),

= {p : X—e=>1] 1 right adjoint} =: AX

(xn)y Cauchy in X

1

{Eq. classes of C-seq.}

(Xn)y = x <= @=x=d(x,—) x 5 x

0 7
1

Hence:

e X is Cauchy complete <= each “weighted” diagram (h, 1) with v
right adjoint has a colimit.

® y, : X — AX is the Cauchy completion of X.
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The setting

@ amonad T: T :Set — Set, ex : X — TX, mx : TTX — TX
s.t....
Ex.: ultrafilter monad, identity monad,. ..

@ a quantale V: (V, <) with a multiplication ® : V x V — V and
neutral element k € V s.t. ...
Ex.: (2,&,true), ([c0,0],+,0), ([00,0], max,0), (A, ®, k),...
@ £: TV —Vsit. ...

Definition (T-Cat for T = (T, V,¢))

e TJ-category: X = (X,a) where a: TX x X — V satisfying

k < a(ex(x),x) and  Ta(X,r)® a(r, x) < a(mx(X), x).

e J-functor: f: X — Y with a(x, x) < b(Tf(x), f(x))
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Fix a collection of operation symbols and equations.

Algebra: (X,a : TX — X) such that X —> TX <% TTX
N
Ix
X<T X
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ex : X — TX, x+— [x]
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A short trip to algebra

Fix a collection of operation symbols and equations.

Algebra: (X,a : TX — X) such that X —2= TX <% TTX
\ ia lmx
1x
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A short trip to algebra

Fix a collection of operation symbols and equations.

Algebra: (X, : TX — X) such that X —> TX T rrx

N

X ~a X
TX = (terms on X)/ ~
ex : X — TX, x+— [x]
myx : TTX — TX (remove inner brackets)
More abstract: Monad = (T, m, e) such that. ..

Example (E. Manes, '69):

TX = UX = {ultrafilters on X}, ex = x, mx(X) =>_%
Then Set” = CompHaus.

Example (A. Day '75):

TX = FX = {filters on X}, Set™ = ContLat.
(continuous lattice = injective To-space)
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From Ord and Met to T-Cat (Top, App, ...

We define
distributor ¢ : X—»Y = ¢ : XP Y — V.
But what means X°P?

@ An ordered compact Hausdorff space is a triple (X, <, «) with
o : UX — X monotone (that is, X is in Ord").

e X = (X, <, «) induces a topological space KX where
r — x whenever a(r) < x.

@ For every topological space X one has the free ordered compact
Hausdorff space MX = (UX,<,mx) wherer <pif VAcr. Aenm.
All this works for a general T = (T, V,¢) and we put

T-Cat el > TJ-Cat
Ml TK
V-Cat™ V-Cat™
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More on distributors

Recall:
e For (X,<,a): r— xif a(r) < x.
e Forr,nce UX: t<yifVAcr.Acy.

In particular, for a topological space X:
o —: X°? x X — 2 is continuous.
0 2X*" — F(OX), A~ (NA)N T is a homeomorphism.
Here F(OX) is the set of all filters of open subsets with
{f € F(OX) | A€ f} where A C X is open as basic open sets.
e y, : X — F(OX) sends x to the neighbourhood filter of x.
@ f: X — Y in Top is left adjoint (to g : Y — X)
< l1lx <gfand fg<ly
= Uf(t) >y <= r1—8ly) = fi=g"
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We define now colimit in a T-category X:

X Qﬂ—‘X If g« = ¢ then g = colim(1, ).

4
I
B
The following assertions are equivalent:
@ X is cocomplete.

@ y, : X — PX has a left adjoint Supy : PX — X.
@ X is injective w.r.t. embeddings.

Kan extension (for X cocomplete):

Y—f>X The functor T-Cocontge, — T-Cat has P as a
yyl ’/ : left adjoint, in fact, it is monadic of KZ-type.

ST Furthermore, T-Cocontge, — Set is monadic.
PY <- rf1 P
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Lawvere completeness

Let X be a T-category:

X is Lawvere complete : <= Every diagram A —— X has a colimit
L
<= Every left adjoint ¢ : B—e>X is of the
form ¢ = f, for some f : B — X.
The following assertions are equivalent:
@ X is Lawvere complete.
@ yy : X — AX has a left adjoint AX — X.
@ y, : X — AX is an equivalence.

@ X is injective w.r.t. “dense” embeddings.

Here an embedding m: M — X is “dense” if

m, is right adjoint (i.e. m, € A).
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Lawvere complete = weakly sober
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Lawvere completeness in Top

Let X be a topological space:

@ 1—e» X left adjoint

P = X

Lawvere complete
“dense”

yy - X = AX

—

there is r € UX with
A€randr — x foreach x € A
irreducible closed set A C X
A= {x}

weakly sober

b-dense

Soberification of X.
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Relative cocompleteness

Assume that a “nice” class ® of distributors is given:
o f: X —Yis ®-dense if . € .
@ X is P-injective if it is injective w.r.t. ®-dense embeddings.
@ X is d-cocomplete if X has all -weighted colimits.
o dX ={y e PX |9 € b} — PX.

Then we have the following:

o X is ®-injective <= X is ®-cocomplete
< yy : X — ®X has a left adjoint.

° ‘J’—Cocontg;p — T-Cat is monadic (where the left adjoint is given by

X — oX).

° ‘J’—Cocontg';p — Set is monadic provided that ® is “very nice”.
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Complete distributivity

Recall (for X complete ordered set):

X is (cd) <= suprema commute with infima
<= \/: PX — X preserves infima
<= \/: PX — X has a left adjoint.

Hence, for a cocomplete T-category we define:
X is (cd) if Supy : PX — X has a left adjoint.

Note: For any space X, PX is (cd).
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Recall that we have a dual adjunction

_ >

Top L Frm©P

where

top. space X — OX = Top(X,2)
frame L — Frm(L,2)

which can be seen as a generalisation of

_— >

Ord L CCD°P

where

ordered set X — Ord(XP,2) = PX
compl. dist. lattice L — CCD(L,2)°P.

So, what about

Top L ?770P
where X +— Top(X°P,2) = PX? (or even X — ®X7)
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We have an adjunction

J-Cat J-CD°P

X+——> PX 2 T-Dist(X,1) L——>A(— L= PL)

= ]-m—w f‘ﬂ—g [s’o
N 3

Y+——=PY ~TDist(Y,1) M———>B(— M= PM)

f

which restricts to an equivalence

T-Caty, T-Al°P

TJDist. =~ J- Alggcont
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(cd) vs. frames

For a frame L, put FL = {filtersin L} with {f C L | x € f} (x € L)
as basic open sets.

For each frame homomorphism f : L — M one gets

PN

FL ——Ff—> FM
1

in Top and FL is (cd) via O(FL) — L in Frm.
For any (cd)-space X, GX ={Ac€ OX | pa: X —2isla.}isa
frame (but in general not a subframe of OX).

g

VRN
For X —f—=Y in CDTop, g %(—): GX — GY is a frame
1

homomorphism.
X = FGX and L = GFL, and therefore Frm = CDTop.
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Duality in relativised form

For a “nice” class ® of distributors, we obtain an adjunction

®-Cat T o.CDP

-

which restricts to

d-Catje =~ d-Al°P

| |

_— op
o <~ (D_Alcocont
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“Inhabited” distributors

For f : X — Y in Top:
f:X—Yisdense <— VyeYqZreUX.rfy

Hence we consider:

p: X—Y €®dwheneverVy e Ydre UX .zpy.
Then:

e ®X = all proper filters on OX.

@ ®-dense = topologically dense.

o X is ®-cocomplete <= X is a Scott-domain.
@ Sobgense = ASctDom®P.

More general, we can chose ® = all those distributors ¢ : X —e~ Y where
¢ o —: Dist(1, X) — Dist(1, Y') preserves chosen limits and obtain
enriched versions of

[l M. EscarpO AND B. FLaca.
Semantic domains, injective spaces and monads.
Electronic Notes in Theoretical Computer Science 20 (1999).
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Ordered compact Hausdorff spaces (again)

Recall that we have a functors T : T-Cat — T-Cat as the composite of
K :J-Cat® — J-Cat and M : T-Cat — T-Cat™.

For a T-category X = (X, a):
@ We have X—e> TX.
@ Hence we get 9 x : TX — PX which is fully failful.

We chose now: ® = all distributors “coming from T".

Hence, in Top:
e X is ®-cocomplete <= X is ordered compact Hausdorff.

@ & contains all right adjoint distributors, hence every ordered
compact Hausdorff space is sober.

@ SobT_gense = AOrdCompHaus®?
Here f : X — Y is T-dense iff for each y € Y there is a largest
ultrafilter r on X such that Uf(z) — y.



